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Don ’t put peace and understanding beyond 
the truth. 

— St. John Chrysostom (347-407) 


Read to get wise and teach others when it 
will be needed. 

— St. Basil the Great (329-378) 


Where things are simple, there are a hundred 
angels; but where things are complicated, 
there is not a single one. 

— St. Ambrose of Optina (1812-1891) 




To my parents, Traian and Maria 




A room with no books is like a body without a 
soul. 

— Elder Vichentie Malau (1887-1945) 




Preface 


There is no subject so old that something new cannot be said 
about it. 


Fyodor Dostoevsky (1821-1881) 


This book is the fruit of my work in the last decade teaching, researching, and 
solving problems. This volume offers an unusual collection of problems specializing 
in three topics of mathematical analysis: limits, series, and fractional part integrals. 
The book is divided into three chapters, each dealing with a specific topic, and 
two appendices. The first chapter of the book collects non-standard problems on 
limits of special sequences and integrals. Why limits? First, because in analysis, 
most things reduce to the calculation of a limit; and second, because limits are the 
most fundamental basic problems of analysis. Why non-standard limits? Because 
the standard problems on limits are known, if not very well known, and have been 
recorded in other books, they might not be so attractive and interesting anymore. The 
problems vary in difficulty and specialize in different aspects of calculus: from the 
study of the asymptotic behavior of a sequence to the evaluation of a limit involving 
a special function, an integral or a finite sum. 

The second chapter of the book introduces the reader to a collection of problems 
that are rarely seen: the evaluation of exotic integrals involving a fractional part 
term, called fractional part integrals. The problems of this chapter were motivated 
by the interesting formula Jo {l/x}dx = 1 — y, which connects an exotic integral 
to the Euler-Mascheroni constant. One may wonder: are there any other similar 
formulae? What happens when the integrand function is changed from {1/x} to 
{1/x} 2 ? Is the integral J ( ] {1 /x} 2 dx calculable in terms of exotic constants or this 
integral formula is a singular case? Is it possible to extend this equality from the 
one-dimensional case to the multiple case? The reader will find the answer to 
these questions by going through the problems of this chapter. The novelty of the 
problems stands in the fact that, comparatively to the classical integrals that can 
be calculated by the well-known techniques, integration by parts or substitution. 
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many of these integrals invite the reader to use a host of mathematical techniques 
that involve elegant connections between integrals, infinite series, exotic constants, 
and special functions. This chapter has a special section called “Quickies” which 
contains problems that have an unexpected succint solution. The quickies are solved 
by using symmetry combined with tricks involving properties of the fractional part 
function. 

The last chapter of the book offers the reader a bouquet of problems with a flavor 
towards the computational aspects of infinite series and special products, many of 
these problems being new in the literature. These series, linear or quadratic, single 
or multiple, involve combinations of exotic terms, special functions, and harmonic 
numbers and challenge the reader to explore the ability to evaluate an infinite sum, 
to discover new connections between a series and an integral, to evaluate a sum 
by using the modem tools of analysis, and to investigate further. In general, the 
classes of series that can be calculated exactly are widely known and such problems 
appear in many standard books that have topics involving infinite sums, so by this 
chapter we offer the reader a collection of interesting and unconventional problems 
for solutions. 

Each chapter contains a section of difficult problems, motivated by other 
problems in the book, which are collected in a special section entitled “Open 
problems” and few of them are listed in the order in which the problems appear 
in the book. These problems may be considered as research problems or projects 
for students with a strong background in calculus and for the readers who enjoy 
mathematical research and discovery in mathematics. The intention of having the 
open problems recorded in the book is to stimulate creativity and the discovery of 
original methods for proving known results and establishing new ones. 

There are two appendices which contain topics of analysis and special function 
theory that appear throughout the book. In the first part of Appendix A we review 
the special constants involved in the computations of series and products, the second 
part of Appendix A contains a bouquet of special functions, from Euler’s Gamma 
function to the celebrated Riemann zeta function, and in the last part of Appendix A 
we collect some lemmas and theorems from integration theory concerning the 
calculation of limits of integrals. Appendix B is entirely devoted to the Stolz-Cesaro 
lemma, a classical tool in analysis, which has applications to the calculations of 
limits of sequences involving sums. 

This volume contains a collection of challenging problems; many of them are 
new and original. I do not claim originality of all the problems included in the book 
and I am aware that some may be either known or very old. Other problems, by this 
volume, are revived and brought into light. Most of the problems are statements to 
be proved and others are challenges: calculate, find. Each chapter contains a very 
short section, consisting of hints. The hints help the reader to point to the heart 
of the problem. Detailed solutions are given for nearly all of the problems and for 
the remaining problems references are provided. I would like to hear about other 
solutions as well as comments, remarks, and generalizations on the existing ones. 

I have not attempted to document the source of every problem. This would be 
a difficult task: on the one hand, many of the problems of this volume have been 
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discovered by the author over the last decade, some of them have been published in 
various journals with a problem column, and others will see the light of publication 
for the first time. Also, there are problems whose history is either lost, with the 
passing of time, or the author was not aware of it. I have tried to avoid collecting 
too many problems that are well known or published elsewhere, in order to keep a 
high level of originality. On the other hand, other problems of this book arose in a 
natural way: either as generalizations or motivated by known results that have long 
been forgotten; see the nice alternating series, due to Hardy, recorded in the first 
part of Problem 3.35. For such problems, when known, the source of the problem is 
mentioned, either as a remark, included in the solution, or as a small footnote which 
contains a brief comment on it. 

As I mentioned previously, this book specializes on three selected topics of 
mathematical analysis: limits, series, and special integrals. I have not collected 
problems on all topics of analysis because of many problem books, both at the 
elementary and at the advanced level, that cover such topics. Instead, I tried to offer 
the reader problems that don’t overlap with the existing ones in the literature and 
others that have received little or no coverage in other texts. Whether I succeeded or 
not in accomplishing this task is left to the reader to decide, I accept the criticism. 

The level of the problems is appropriate for Putnam exams and for problem 
sections of journals like The American Mathematical Monthly and other journals 
that have problem sections addressed to undergraduate students. The problems 
require thorough familiarity with sequences, limits, Riemann integrals, and infinite 
series and no advanced topics of analysis are required. Anyone with strong 
knowledge in calculus should be ready for almost everything to be found here. 

This book is mainly addressed to undergraduate students with a strong back- 
ground in analysis, acquired through an honors calculus class, who prepare for 
prize exams like the Putnam exam and other high-level mathematical contests. 
Mathematicians and students interested in problem solving will find this collection 
of topics appealing. This volume is a must-have for instructors who are involved in 
math contests as well as for individuals who wish to enrich and test their knowledge 
by solving problems in analysis. It could also be used by anyone for independent 
study courses. This book can be used by students in mathematics, physics, and 
engineering and by anyone who wants to explore selected topics of mathematical 
analysis. 

I also address this work to the first and the second year graduate students who 
want to learn more about the application of certain techniques, to do calculations 
which happen to have interesting results. Pure and applied mathematicians, who 
confront certain difficult computations in their research, might find this book 
attractive. 

This volume is accessible to anyone who knows calculus well and to the reader 
interested in solving challenging problems at the monthly level. However, it is not 
expected that the book will be an easy reading for students who don’t have at their 
fingertips some classical results of analysis. 


I would like to express my great appreciation to Alina Sintamarian, who read 
substantial portions of the manuscript and provided many helpful comments and 
spotted numerous misprints. 

I also thank my parents for all of their support during the preparation of this 
manuscript. Without their effort this book would not have been written. 

I am grateful to anonymous referees for their comments and suggestions that led 
to the improvement of the presentation of the final version of this volume. 

Thank you all! 

In conclusion, I say to the readers who may use this book: good luck in problem 
solving since there is no better way to approach mathematics. 


Campia Turzii, Romania 
December 2012 


Ovidiu Furdui 
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Notations 


N The set of natural numbers (N = { 1 , 2, 3, . . .}) 

Z The set of integers (Z = {.. . , — 2, — 1,0, 1,2, . . .}) 

R The set of real numbers 

R* The set of nonzero real numbers (R* = R\ {0}) 

R The completed real line (R = RU {— °°, °°}) 

C The set of complex numbers 

\a\ The integer part (the floor) of a, that is the greatest integer not exceeding a 
{a} The fractional part of the real number a, defined by {a} =a — [a\ 

H/ll- The supremum norm of / defined by ||/||oo = sup f€ [ a fc j \f{x)\ 

Landau’s notations f(x) = o(g(x)), as x -» xo, if f(x)/g(x) — > 0, as x ->■ xo 

f(x) = 0(g(x)), as x — > xo, if f(x)/g(x) is bounded in a neighborhood 
of Xo 

f ~ g, as x — »• xo, if lim x ^ 0 f{x)/g(x) exists and is finite 
9t(z) The real part of the complex number z 

n\ n factorial, equal to 1 • 2- 3- •• (n— 1) • n (nsN) 

(2n) ! ! 2 • 4 • • • (2n — 2) • 2n (n G N) 

(2n+ 1)!! 1 • 3 - • • (2n— 1) • (2n+ 1) (»eNU{0}) 

(^) The binomial coefficient indexed by n and k is the coefficient of the x k 
term in the polynomial expansion of the binomial power (l+x) n 
A The Glaisher-Kinkelin constant 

A = lim„^(l 1 2 2 • . . n «)/( n n 2 /2+»/2+i/i2 e -nV4) 

= 1 .28242 71291 00622 63687 .. . 
e The Natural Logarithmic Base (Napier’s Constant) 

lim„_ s . 00 (l + 1 /n) n = 2.71828 18284. . . 

7 The Euler-Mascheroni constant 

y = lim„_ s .co(l + 1/2 H hi In- In n) = 0.57721 56649 01532 86060 . . . 

7 „ The Stieltjes constants 

y n = linwo (ir=i(ln^)”A- (lnm)" + 1 /(n+ 1 )) 

G Catalan’s constant 

G = X~ = 0 (-l)7(2n + l ) 2 = 0.91596 55941 112 ... 
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B k The Ath Bell number, 

B k = e~ l £“ =1 n k /n\, for k > 1 and B 0 = 1 
8„ The logarithmic constants 

8„ =lim m _ >co (S"L | l n " k — f"‘ ln"xdx — \ In" m) = (— l)"(£( n )(0) + n\) 
s(n,k) The Stirling numbers of the first kind are defined by the generating 
function 

z(z - 1 ) (z - 2) • • • (z - n + 1 ) = L". 0 s(n,k)z k 
H n The nth harmonic number 

H n = 1 + 1/2+ •••+l/n 

T The Gamma function (Euler’s Gamma function) 

r(z) = SoX?~ l e~ x Ax, 9t(z) > 0 
B The Beta function (Euler’s Beta function) 

B(a,b) = jQX a - l (l-x) b ~ l dx, 9i(a) > 0, 3i(b) > 0 

y/ The Digamma function (the Psi function) 

VA(z) = r'(z)/r(z), z 7^ o,—i,— 2,... 

£ The Riemann zeta function 

C(z) = i:=il/« z = l + l/2 z + -- + l/^ + ---, 9t(z)>l 

Ci The Cosine integral function 

Ci(x) = -/~^df, x > 0 
Li„ The Polylogarithm function 

_ Li„ (z) = ir=, J/k" = Jo Iz|< I and n ± 1 , 2 

lim x„ The limit superior of (x n )„<=n defined by lim x n = inf,, sup/,>„ x k 

lim x n The limit inferior of (x„)„ e pj defined by lim x„ = sup„ infj.>„ x k 

I n u ...,n k =i a n l .....n k the iterated sum X~ =1 • • • X~ =1 a nw .. t „ k 

C(£2) The space of continuous functions on £2 

C n (£2) Functions with n continuous derivatives on £2 

L 1 (£2) The space of Lebesgue integrable functions on £2 



Chapter 1 

Special Limits 


The last thing one knows when writing a book is what to put 
first. 

Blaise Pascal (1623-1662) 


1.1 Miscellaneous Limits 


One says that a quantity is the limit of another quantity if the 
second approaches the first closer than any given quantity, 
however small. . . 


Jean le Rond d’Alembert (1717-1783) 


1.1. Let a be a positive number. Find the value of 



1 

n + k a 


1.2. Calculate 


lim - 


r + 7 H tttt 


1.3. Find the value of 


lim - T Y 

*+~*hp. \ 


i + j 

lip 
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1 Special Limits 


1.4. Find the value of 

str 

where {a} denotes the fractional part of a. 


iim -i{n 2 , 

n l k ) 


1.5. The behavior of a remarkable geometric mean. Calculate 


limVdl 


e n / 2 n 


1.6. Let p > 1/2 be a real number. Calculate 


( i t/p 


1.7. Find 


iim ( j ]T (2 y/lk— \/k) -n 
n ~* \ \t=n+l 

1.8. Let a be a positive real number. Calculate 


u 

n + 1 


1.9. Let a G (0,°°). Calculate 

lim (e'“ ' ! . 

1.10. For positive integers n, let g n = 1 + 1 /2 H F 1/n — Inn. Prove that 


lim ( — ) = -. 

V Y 8 ") 7 


1.11. Find 


lim 

n-> oo 




1.12. Let a be a positive real number. Calculate 
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1.13. A Wolstenholme limit. Let s be any positive real number. Prove that 



1.14. Prove that 



where f denotes the Gamma function. 


1.15. Let a and J3 be positive numbers. Calculate 

n^~L t V nP 

1.16. Let a be a real number and let p > 1 . Find the value of 


r n^+a-ir 1 
hm 

n ^°°k=\ 


nP - kP~ 


1.17. Let k and a be positive real numbers. Find the value of 


lim n k 

n—>°° 


i-n 


J=nJ 



1.18. Let k > 1 and p > 2 be integers and let (x„)„<=n be a sequence of positive 
numbers such that lim„^. M x„/ ^fn = L e (0,°°). Calculate 

Xn +X/1+1 H \~ x kn 

nx„ 


1.19. If (x„)„>i is a sequence which converges to zero and I n k (x n — x n+ ] ) = 
l € [-°°,°°], with k> 1, then lim n ^n k ~ l x„ = l/{k- 1). 

1.20. Let a and b be two nonnegative real numbers. Calculate 



1 

n + k+b -K$i|SP + kn + a 
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1 Special Limits 


1.21. Let a, b, and c be positive numbers. Find the value of 

k + a 


lim £ - 


n ~^°°k=i V^ilf \Z0^§.kn + c 

1.22. Let a, b, and c be nonnegative real numbers. Find the value of 


-A Vn 2 + kn + a 

hm > — — 

Vn 2 + kn + b- Vn 2 + kn + c 

1.23. Let a, b, and c be nonnegative real numbers. Find the value of 


lim — * 


sit 


n 3 j=i \J i 2 + j 2 +ai + bj + c 

1.24. Let rel. Prove that if cos (nx) = 1 , then a: is a multiple of 2n. 

1.25. Let a, b, and a be nonnegative real numbers and let J3 be a positive number. 
Find the limit 

Y ( n 2 +kn + a) a 
( n 2 + kn + b)P ' 

1.26. An iterated exponential limit. Let n > 1 be a natural number and let 


fn(x)=X x 


where the number of x’s in the definition of f n is n. For example, 
/lW =*, f2(x)=X X , h{x) =X?,.... 


Calculate the limit 


lim 

x-^l 


fn(x)-f n - i(x) 
(1— JC)» 


1.27. Iterated exponentials. 

(a) Let {xk)k>\ be the sequence defined as follows: 

i i^ 7? 

13 3 15 5 17 7 

3 ’5 ’7 


(continued) 
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(continued) 

In other words the sequence (x k ) k >\ is defined as “the fraction 1/(2 k+ 1) 
appears as an exponent in the definition of x k exactly 2k + 1 times.” Prove that 
the following inequalities hold 

STT <A1< KSTT)' 

(b) Let (y k ) k > t be the sequence defined by 


1 2k 

yk ~ 2 k 


where the fraction 1 / (2k) appears exactly 2k times in the definition of y k . For 
example, i 

”=2 • » = 4 ’ M= 6 

Prove that, for k > 10, the following inequalities hold 


ln(2 k) 


<yk < 1 


1 

2k 


Open problem. Find the asymptotic expansion, or the first few terms, of the 
sequences (x*)*>i and (y k ) k >\. 

(c) Does the limit exist? Let / : (0, 1 ) -> R be the function defined by f(x) = 
x* , where the number of x!s in the definition of /(x) is . For example, 

/ ( 3 ) = j 1 3 • Find lim^ 0 + f(x) or prove that it does not exist. 


1.28. A double Euler-Mascheroni sequence. Let 


*=i t 

|» i=lj= 1 


1 

i+j' 


Prove that 


(a) x„ = 1 + (2 n + 1 )H 2n+ \ — (2 n + 2)H n+l , where H„ denotes the nth 
harmonic number. 

(b) (x„ — (2n + 1 ) ln2 + Inn) = — 1 /2 — y. 

(c) lim n^Xn/n = 2 In 2. 
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1.29. The limit of a multiple sum. Let k > 2 be an integer and let m be a 
nonnegative integer. Prove that 


iri - i 




lim — i—r / ■ / — 

n k ~ l z'i + h H \-h + m (k- 1 

1.30. Let a > 1 be a real number and let k be a positive number. Prove that 

r ** V 1 k 

lnx ^ a" + x k In a 


and 


lim In Ini 


— X — - — i = o. 

lnx a n + x k In a 


The Riemann zeta function, £, is a function of a complex variable defined, for 
9t(z)>l,byC(z)=X“ =1 l/,r. 

1.31. (a) Let a be a positive real number. Calculate 

lim a n (n— £(2) — £(3) C(»)) - 


(b) Determine 


lim 


»-C(2)-C(3) C (n) 

n- 1-C(2)-C(3) C(«-l) 


1.32. (a) Let / : [0, 1] — > R be a continuously differentiable function and let 





+ •••+/ 



Calculate lim„_^ M (x„+i — x„). 

(b) Open problem. What is the limit when / is only continuous? 
1.33. Find 


lim 


Y arctan - — Inn ] . 

tx k ) 
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1.2 Limits of Integrals 


The infinite! No other question has ever moved so profoundly 
the spirit of man. 

David Hilbert (1862-1943) 


1.34. Find the value of 

rn/2 

lim / vsin”x+cos"xdx. 

o 

1.35. Let a > 2 be an even integer and let x £ [0, 1]. Find the value of 

limns f\l-(t-x) a ) n dt. 

n Jo 

1.36. Let a and b be real numbers and let c be a positive number. Find the value of 

f b dx 

lim 


«->“ Ja c+ sin 2 x • sin 2 (x + 1 ) • • • sin 2 (x + n) 
1.37. Let k be a positive integer. Find the value of 

= lim [ 


r , ln(l+x»+*), , .. ( [ l ln(l +*"+*). T 

L= lim / . — rv^-dx and limn( / . — ^f-Ax — L 


ln(l +x n ) 


'o ln(l +x") 


1.38. A Frullani limit. 

(a) Let / : [0, 1] — »• R be a continuous function and let 0 < a < b < 1 be real 
numbers. Prove that 


Jo x a Ja x 

(b) Let / : [0, 1] — > (— 1, 1] be a continuous function. Find the limit 

[im 


1.39. (a) Let k be a positive integer. Prove that 

f 1 x" °° i 

lim n 2 / t XT ssitx = k\ x . 

Jo l+x k + x 2k + ---+x nk ~ 0 (l+km ) 2 
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(b) More generally, let k be a positive integer and let / : [0, 1] — > M be a continuous 
function. Prove that 


limn 2 [ l 

JO 1+A 


■’("fix) 


x k + x 2k + ... +x nk 


■d* = *■/(!)■ I 


1 


"o(l + M 

1.40. Let / : [0, tt/2] — > M be a continuous function. Find the value of 
1 /•! sin 2 nx , 


lim 

O 


n Jo 


-fix) dx. 


1.41. Let / : [0, 1] — » R be an integrable function which is continuous at 1 and let 
k > 1. Find the value of 

lim ^ jf * (x + 2 k x 2 + 3 V + • • • + n V) /(x)dx. 

1.42. Let / : [0, 1] — » M be an integrable function which is continuous at 1 . Find the 
value of 

1.43. Let / : [0, 1] — > M be an integrable function which is continuous at 1 . Calculate 


lim n f ( X yl fix)dx. 
«->“ Jo k j 


1.44. Let a > 0 and b > 1 be real numbers and let / : [0, 1] — > M be a continuous 
function. Calculate 

fix) 


lim n b 


trjw 

Jo 1+ n a . 


dx. 


' x b 


1.45. Let g : [0, 1] — > [0,°o) be an integrable function such that / 0 1 g(x)dx = 1 and 
let / : [0, 1] —¥ (0,°°) be a continuous function. Find the value of 


1.46. (a) Let / : [0, 1] — > R be a continuous function. Find the value of 

■n/2 


lim \fn J sin"x/(cosx)dx. 

(b) Let g : [0, 7t/ 2] — > K be a continuous function. Find the value of 

rn/2 


lim 

o 


sfn r\ 

Jo 


(x) sin"xdx. 
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1.47. A limit of Polya and Szego. Let a < ft and let / : [a,b] -»• [0,°°) be a 
continuous function, with f ^ 0. Calculate 

lim ^r~ wd » 


1.48. The limit of « times a difference of two nth roots. Let / : [a, ft] -»• 

[0,°°) be a continuous function. Calculate 



1.49. If h,g\ [0,°°) — > (0,°°) are integrable functions such that for all nonnegative 
integers n, 

f ft(x)x" cbt<°° and f g(x)x n dx < °°, 


Jo x ^g{x) 

provided that the right-hand side limit exists. 

1.50. Let /: [0,°°) — > (0,°°) be positive and monotone decreasing such that for all 
nonnegative integers n, 

[ x"/(x) dx < °o, 

Jo 

and let F(x) = Then 


lim 


nf~S'f(x)dx 

^” + 7(« 


= lim 

X — ^°° 


m 

F{ x y 


provided that the right-hand side limit exists. 

1.51. When is the limit equal to the supremum norm of /? 

(a) Let / : [0, 1] —¥ [0,°°) be a continuous function that attains its maximum either 
at 0 or at 1 . Prove that 


lim 17 / f(x)f(x 2 )---f(x n )dx=\\f\\, 


( 1 . 1 ) 
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Conjecture. Prove that if / is a function that does not attain its maximum at 0 or 1 , 
then strict inequality holds in (1.1). 

(b) Let g : [0, 1] — > [0,°°) be a continuous function which attains its maximum at 1. 
Prove that 



Open problem. Does the result hold if g is a function which does not attain its 
maximum at 1? 

1.52. Evaluating an integral limit. Let / : [a, b\ — > [0, 1] be an increasing function 
which is differentiable at b with f(b) = 1 and f{b) 0, and let g be a bounded 
function on [a,b\ with \\m x ^ h - g(x) = L. Find the value of 





assuming that the integral exists for each positive integer n. 

1.53. Let / : [0, 1] —*■ [0, 1] be an increasing function which is differentiable at 1 
with /(l) = 1 and /' ( 1 ) ^ 0, and let g be a bounded function on [0, 1]. Find the 
value of 



assuming that the integral exists for each positive integer n. 

1.54. Let k > 2 be an integer and let / : [0, °°) — > R be a bounded function which is 
continuous at 0. If x is a positive real number, find the value of 



1.55. Let a > 0 be a real number and let J3 > 2 be an even integer. Let rSl 
be a fixed real number and let / : R — > R be a bounded function on R such that 
lim t ^xf(t) = L. Prove that 



1.56. Let h : R — >• R be bounded and continuous, let x be a fixed real number, and 
let k > 2 be an even integer. Find the limit 


1.2 Limits of Integrals 
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1.57. Let k > 1 be an integer. Calculate 

dx. 

x*dx. 

1.59. Let a > 1 be a real number and let / : [l,°o) — >■ R be a continuous function 
such that, for some a > 0, lim x ^ >0 oX a f{x) exists and is finite. Calculate 

/ = lim n /(x")dx and limn^n^ /(x")dx — l^j . 

1.60. The limit is a log integral. Let / : [0, 1] — > (0,°°) be a function such that 
(ln/(x))/x is integrable over [0, 1] and let g : [0, 1] — > M be an integrable function 
which is continuous at 1. Prove that 

lim n 2 f [ <yf(x n )g(x)dx~ [ g^dx) = g(l) [ — — dx 
w->°° \J o Jo J Jo x 

1.61. (a) Let p and k be nonnegative real numbers. Prove that 

limn 2 l+x n + k ){l+x n +P)dx - = £(2). 

(b) More generally, if / : [0,1] — >• (0,°°) is a function such that (In /(x))/x is 
integrable over [0,1], then 

limn 2 Qf 1 y/f(x n + k )f(x n +P)dx- 1^ = 2 J* '"^dx 



1.58. Let k > 0 be an integer. Calculate 



1.62. Let a and b be positive real numbers. Prove that 


^{[\l^dx-l\=-l b 

\J 0 V 1 + bx n J Ja 


ln(l +x) 


dx. 


1.63. (a) Let / : [0, 1] — > M be an integrable function such that lim x ^ 0 +f(x)/x 
exists and is finite, and let g : [0, 1] — > R be an integrable function which is 
continuous at 1. Prove that 

limn f f{x n )g{x)dx = g{\) f f -^dx. 

Jo Jo x 
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(b) Let / and g be two integrable functions which are continuous at 1 , with g(l) 0. 
Calculate 

Jo x n g(x)dx 

1.64. Let / : [0, 1] ->■ M be continuous and let g : [0, 1] — >■ M be a continuously 
differentiable function. Prove that 

L= limn f 1 x n f(x n )g(x)Ax = g(l) f f(x)dx 

n~>°° Jo JO 

and 

lim n(n [' x n f(x n }g(x)Ax- l) = -(g(l) +g’(l)) f & Ax. 

«->“ \ Jo ) Jo X 

1.65. Two forms of Abel’s lemma for integrals. 

(a) Prove that 

lim a [ e~ at fit)At = lim/(x), 

<T-> 0 + Jo 

where / is a locally integrable 1 function for which both the integral and the limit 
are finite. 

(b) Let a be a positive real number and let g : -> I be a locally integrable 

function such that /J° g{t)dt < °°. Prove that 

lim [ g{t)e~ p,a At = [ g(t)dt. 
p-t 0 + Jo JO 

1.66. Let / : [0, 1] -a R be an integrable function and let a G (0, 1). Prove that 

lim [ \l-x n ) n f(x)Ax = ( l f{x) Ax 

Jo Jo 

and 

lim n a (^£{1 -x n ) n f(x)Abc- £ f(x)<hj = 0. 

1.67. Let f,g: [0, 1] — >■ R be two continuous functions. Prove that 

lim C f{x n )g(x)Ax = m (\(x) Ax. 
n~^°°J 0 Jo 


! A measurable function tp(t) on K is locally integrable, (p e L| oc . if |ip| is integrable over any 
compact set (see [56, p. 215]). 


1.3 Non-standard Limits 
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1.68. Let / : [0, l] 2 —y K be an integrable function over [0, l] 2 . Find the value of 

lim [ f {x-y) n f(x,y)dxdy. 

Jo 


1.3 Non-standard Limits 


/ will be sufficiently rewarded if when telling it to others you will 
not claim the discovery as your own, but will say it was mine. 

Thales (circa 600 BC) 


1.69. 2 A Lalescu limit. Let m > 0 be an integer and let / be a polynomial of degree 
m whose coefficient in the leading term is positive. Then 

Um ((/(^+'2)r(x+a))^-(/(jt+i)r(jf+i))*) = x - 
and 

hmx((/(x + 2 )r(* + 2))re -Crt*+l)r(x+l))5 - I) = l - (m+0 , 
where T denotes the Gamma function. 


1.70. (a) Let / and g be two continuous functions on [0, 1], Prove that 

({ l }) s(x)di = i 1 f{x)dx [ 

where {a} = a — |aj denotes the fractional part of a. 

(b) A special case. Let / : [0, 1] — »• M be a continuous function. Prove that 

>™»(/ 0 ‘/({“}) d *- J ( 1 / m*) - 


2 The problem is motivated by the following limit of Traian Lalescu (see [82]) 


lim ( "V(” + 1 ) ! - = V< 
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1.71. A Fejer limit. Let f £ L l [0, 1] and let g : [0, 1] -> M be a continuous 
function. Prove that 

lim f f(x)g({nx})6x= [ /(x)dx f g{x) dx, 
n~+°°J 0 JO JO 

where {a} = a — |aj denotes the fractional part of a. 

1.72. Let f,g : [0, 1] x [0, 1] — » M be two continuous functions. Prove that 
j^lJo f({nx},{ny})g(x,y)dxdy = f(x,y)dxdy- g(x, y)dxdy, 

where {a} =a—[a\ denotes the fractional part of a. 

1.73. Let / : [—1,1] x [— 1 , 1] ->• R be a continuous function. Prove that 

r 1 1 r2n 

lim / /(sin(xt),cos(xt))dx= — / /(sinx, cosxidx 

<->~j-t n Jo 


and 


/ I /-l \ i-2k r2n 

/ /(sin(xt),cos(yf))dxd;y = / / /(sinx.cosyidxdy. 

-iJ-i n z Jo Jo 

1.74. The limit of a harmonic mean. Let / : [0, 1] — > R be a continuous function. 
Find the limit 

M be a continuous function. Fi 
im Jo ■■■ J f{jyx ix 2 ---x„)dxi"-dx„. 


1.75. Let / : [0, 1] — > M be a continuous function. Find the limit 
a® rJ 


lim 


1.76. The limit of a harmonic and a geometric mean. Let f,g : [0, 1] — > 1 

be two continuous functions. Find the limit 


lim 

n->°e 


f-ff 


•g(v / *ix 2 ---x,j)dxi •••dx„. 





1 .4 Open Problems 
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1.77. Let / : [0, 1] — > R be a continuous function. Find the limit 

lim [ ■■■ [ f \ $xix 2 ---x n - r ) dxi - - - djc„. 

n ^Jo Jo \ k + ---+k) 


1.78. Let f,g : [0, 1] — > R be two continuous functions. Find the value of 



1.4 Open Problems 

"Obvious ” is the most dangerous word in mathematics. 

Eric Temple Bell (1883-1960) 


In this section we collect several open problems that are motivated by some of the 
exercises and problems from the previous sections. The first problem is motivated 
by Problem 1.51, with f(x) = x{\ — x) being a function that attains its maximum at 
1/2. Problem 1.80, which gives the behavior of a finite product, is closely related 
to an exercise from the theory of infinite series (see Problem 3.3), Problem 1.82 is 
motivated by Problems 1.70 and 1.71, and Problem 1.83 generalizes Problems 1.42 
and 1.43. 



1.80. (a) Let n > 2 be a natural number. Prove that 


2 -sTe 

n- 1 


<n(2-^<;. 

k=2 H 


(b) Prove that lim„_>„,nnit=2(2— v^) exists. 
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(c) Open problem. Determine, if possible, in terms of well-known constants the 
limit 

\\mnf[{2-tye). 


1.81. A Gamma limit. Prove that 



ef-Y 


1.82. Let f,g : [0, 1] — > R. be two continuous functions. Calculate 

where {a} = a — \a\ denotes the fractional part of a. 

1.83. Let a, /3 , and p be positive real numbers and let / : [0, 1] — > R be an integrable 
function which is continuous at 1 . Calculate 


hm n a [ 
n->°° Jo 


1.5 Hints 


A hint is a word, or a paragraph, usually intended to help the 
reader to find a solution. The hint itself is not necessarily a 
condensed solution of the problem; it may just point to what 1 
regard as the heart of the matter. 

Paul R. Halmos (1916-2006) 


1.5.1 Miscellaneous Limits 


Constants don ’t vary — unless they are parameters. 

Anon. 


1.1. 1 /(n + n a ) < \/{n + k a ) < l/(n+ 1) for 1 < k < n. 

1.2. Observe that 1/2 + 2/3 H 1 -n/(n + 1) « n + 1 — y n+ i — In (n + 1), where 

y n+ 1 = l-(-l/2-| h 1 /(«+ 1) — ln(n+ 1), and study the behavior of the logarithm 

of the sequence in question. 



1.5 Hints 
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1.3. Use Stolz-Cesaro lemma (the °°/°° case). 

1.4. Observe the limit equals { 1 /x} 1 cLt. 

1.5. Study the behavior of the logarithm of the binomial sequence and use the 
definition of Glaisher-Kinkelin constant. 

1.6. Observe that, for n > 6, one has 




2 P +l n—5 

nP(n-l)P + ~QP' 


1.8. Let x n = \/n\/n. Calculate lnx„ + i — lnx„ by using Stirling’s formula and apply 
Lagrange’s Mean Value Theorem to the difference lnx n+ i — lnx„. 

1.9. Factor out exp(l/a + l/(a+ 1) H 1- 1 /(a + n— 1)). 

1.11. Note that 


•-n i 


1 , 5 \ _ -A (2m- l) 2 + 4 

'm 4m 2 ) 11 


4m 2 


and 


ft 



/" m 2 + l\ 4 2 >!) 4 

Uit J'((2n)l) 2 ' Xn - 


Approximate 4 2 "(n!) 4 / ((2«)!) 2 by Stirling’s formula and use the well-known limits 
lmn^~nf=i(l +4/k 2 ) = ( e 2n - e~ 2K )/4 n and lim^nLit 1 + V^ 2 ) = { e% ~ 
e~ K )/2n. 

1.14. Prove that 


,. v / r(})r®-r(i) i 

lim = 

«->■» n e 

and then apply Lagrange’s Mean Value Theorem to f(x) = Inx on the interval 

[ B yr (i /i ) r (1/2) • • • r (i /» + 1 )/«, ^/r(i/i)r(i/2)-r(i /«)/«] . 

1.15. Let x n = YIl=\ In ( 1 +- k a /nP) and note that 
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1.16. Letx„ =2,% =1 ln(l + a-k p l /{n p — k p ')) and observe that 


min 

k=l,...,n 


akP ' I 


X 

*= 1 


akP - 1 

nP-kP~ l 


< x n 


< max 

k=l,...,n 




x 

k= 1 


ak p - ] 
nP-kP - 1 ' 


1.17. Apply Lagrange’s Mean Value Theorem to f(x) = e x and note that 




j=n J 




Xln 1 


2 a 


j k+l + a 


where 9 n e (l“ =n ln(l -2 a/(j k+l + a)) ,0). 

1.18. Prove that, for 0 < e < L and large n, one has 

L — £ fj n + {/n + 1 + • • • + {[hi x n + x n -|_i -| + xtn 

L + e n nx„ 

ffu+^n+l-| I- //fa 

nf/n 

1.19. Apply Stolz-Cesaro lemma (the 0/0 case). 

1.20. Prove that the sequence 




=x 


1 

n + fc + fe + visF + fa + a 


is bounded above and below by two sums that are the Riemann sums of the 
function fix) = 1/(1 +x+\/\ + x) on the interval [0,1] associated with the partition 
0, 1/n, . . . , (n — l)/«, 1 and special systems of intermediary points. 

1.21. Note that if b<c, then 

k+a ^ k + a ^ k+a 

n 2 + kn + c \/n 2 + kn + b ■ \Jn 2 + kn + c n 2 + kn + b 

and show that if a and J3 are nonnegative real numbers, one has 


k= 1 


k + cc 

n 2 + kn + P 


1 - ln2. 
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1.22. Note that if b < c, then 

ytfl+kn+a ^ \/ n 2 + kn + a ^ v*t 2 4- kn + a 

tfi+kn + c ~ ^n 2 +kn + b- y/n 2 + kn + c~ n z + kn + b 

and prove that if a and J3 are nonnegative real numbers, one has 



y/n 2 + kn + a 
n 2 + kn + p 


2y/2-2. 


1.23. It suffices to prove that if k > 0 is a real number, then 

lim If X 7 tj = - 2( ^~ 1} 

« 3 h M V(i + k) 2 + (j + k ) 2 3 


1.24. Use that sin 2 (nx) +cos 2 («jc) = 1. 

1.25. Observe that 

^ (n 2 4|n + fl)“_ n 2a 1 " ( 1 + n + %) 

ti {n 2 + kn + b)P ~ n 2 P~ l n h + ’ 

and prove that if a,b, u > 0 are real numbers and v > 0, one has 



1 + ! + 4 


1 + 


l + ^) V 



1.26. Denote the value of the limit by L„, use that f n {x) = exp(/„_i(x)lnx), and 
apply Lagrange’s Mean Value Theorem to the exponential function to prove that 
L„ = -L„_ 1 . 

1.28. Use that l/(i + j) = Jjj x i+J ~ 1 dx and interchange the order of integration and 
the order of summation. 

1.29. Observe the limit equals 


r l r 1 dridx2---dx A . 

'0 JO .V| — V2H Kv* 


This integral can be calculated by using that 1/a = /J° e ax dx. 

1.30. Show, by applying Lagrange’s Mean Value Theorem to the function F (n) = 
/ 0 "dt/(a' +xJ) on the interval [n.n + 1], that 

r°° dt v 1 1 

Jo a t +x k ~ ho anJrxk ~ J° a t +x k ^~l+x k ' 
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1.32. Apply Lagrange’s Mean Value Theorem to the difference f(k/ ( n + 1)) — 
f{k/n) and use the uniform continuity of f . 

1.33. Add and substract l/k from the finite sum and then use the power series 
expansion of arctan to prove that 

£ (arctan 1 /k - 1 /k) = £ f (2n + 1 ) . 

fc=t n=l An + 1 

The last series can be calculated in terms of the Gamma function. 


1.5.2 Limits of Integrals 


Mathematics is trivial, but I can’t do my work without it. 

Richard Feynman (1918-1988) 


1.34. Prove that V2 < J^ 2 </sin”x + cos n xcbc < s/l ■ y/2. 

1.35. Reduce the problem to proving that if k £ (0, 1] is a fixed real number, one has 


i r k 

lim n« / ( 1 - y a ) n dy = T ( 1 + 1 /a) . 
«->“ Jo 

In 

L 


1.36. Use Arithmetic Mean-Geometric Mean Inequality to prove that 
f b dx f b dx 


Ja c + sin 2 x- sin 2 (x+ 1 ) • ■ ■ sin 2 (x + n) 
Apply Fatou’s lemma and show that 

m L 


dx 


(l sin(n+l)cos(n+Zr) \ n 

\2 2(n+l)sinl ) 


b — a 


■a- 


i(n+l)cos(n+2j 


2(n+l)s 




1.38. Fix e > 0 and prove that 

f{ax) — f(bx) 


dx = /(c) In — — 

a J a t 


where c £ [as, be]. 

1.40. First, show that if n is a nonnegative integer, then 
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Second, prove that if k > 0 is an integer, one has 


1 [i. sin 2 nx . if k = 0, 

lim - / — .rdx = < 2 

n-^nJo skrx [0 if k> \. 


Then, use that any continuous function defined on a compact set can be uniformly 
approximated by polynomials. 

1.41. Use Stolz-Cesaro lemma (the °°/°° case) and prove that if / is integrable and 
continuous at 1, one has Hindoo n f ( jx n f(x)dx = /(l). 

1.42. Apply Stolz-Cesaro lemma (the 0/0 case). 

1.44. Use the substitution x = (y/n a ) 1 ,!b to prove that 


. r 1 fix) J l r 

nb / ~J^t= - 

Jo 1 +n a x b b Jo 


yl/b—l 


/ £r 


s i/b~ 


Xn(y)dy 


and calculate the limit of the last integral by using Lebesgue Convergence Theorem. 

1.45. Use the technique for calculating limits of indeterminate form of type 1°°. 

1.46. First, prove that if p > 0 is an integer, then 


/■*/ 2 

lim yfn J sin"xcos p xdx = 


V? if p = °> 

0 if p>\. 


Second, use that a continuous function on a compact set can be uniformly 
approximated by polynomials. 

1.47. Observe that /j’/ n+1 (x)dx < M f n (x)dx. where M = sup J6 r ai) ]/(x). 
To prove the reverse limit inequality apply Holder’s inequality, with p = (n + l)/n 
and q = n + 1, to the integral fj f n (x)6x. 

1.48. Express the two nth roots as exponential functions and then apply Lagrange’s 
Mean Value Theorem. 

1.52. Use the e — 8 definition of the differentiability of / and of the limit of g at b 
and determine the behavior of the product f n {x)g{x) on ( b — 8,b). Then, study the 
limits of the two integrals 

nj' 5 f n {x)g{x) dx and n j\ n (x)g(x)dx. 

1.53. Use the substitution x" = y and study the limits of the two integrals 

J o f n (</y)y'^'g{y)dy and ^ f n {</y)y"~ 1 g(y)dy, 


where e > 0. 


22 


1 Special Limits 


1.54. Use the substitution t =y/\fn and calculate the limit of the integral 

r'fijbm Lfc 

Jo (1 +y k /n) 

by using Lebesgue Convergence Theorem. 

1.56. The problem reduces to the calculation of the limit of the integral 


which can be done by using Lebesgue Convergence Theorem. 

1.57. Use the substitution xt = y and the inequalities 0 < e~ x — (1 — xjnf < 
x 2 e~ x /n, for 0 < x < n. 

1.58. Use the substitution (1 — x)/{\ + x) = y and integrate by parts, k times, the 
integral 


0 - 30 ' 

(1 +y) k+: 


ydy- 


1.59. Prove that Z equals f(x)/xdx by making the substitution x" = y and by 
calculating the limits of the two integrals 


r^yUy 

J i y 


and 


Ja" y 


The second limit equals /“(/(y) Iny) /yAy and reduces to the calculation of the 
limits of the integrals 


,) dv and nJ't^yUy. 

1.60. Write 

” 2 (ii J 0 8 ^ dx ) = J 0 exp(e„(y))g (yi) y"dy, 


where the equality follows based on Lagrange’s Mean Value Theorem applied to 
the function x — > exp(x) and 0 n (y) is between ^ln f(y) and ^ln/(0) = 0. Then, 
calculate the limit of the last integral by using Lebesgue Convergence Theorem. 

1.61. Follow the ideas from the hint of Problem 1.60. 

1.63. Use the e — 5 definition of lim A ._ >0 + f(pc) /x and calculate the limit of the 
integral 


rm wwty. 

Jo y 
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1.64. For proving the first limit, make the substitution xJ 1 =y and use the Bounded 
Convergence Theorem. Write the second limit as 

integrate by parts, and use the Bounded Convergence Theorem. 

1.65. (a) Use the e — 5 definition of lim*-^ f(x) and the fact that a / 0 °° e~ m dt = 1 . 

(b) First, observe that if a is a positive real number and / : (0,°°) —> R is a locally 
integrable function such that f (t) = L, one has 

lim p [ f(t)at a ~ l e~ pt<X dt =L. 

p-> o+ Jo 

Second, integrate by parts to get that 

g(t)e~ p,a dt = pa ^ g(s)ds^j e~ pt °‘t a ~ 1 dt 

and use the observation to show that the limit equals /J° g{t)dt. 

1.66. First, show that 

f 1 (l —x n ) n dx = (1/n) -B (n+ 1, 1/n) and lim f\\ - x'Tdr = 1. 

Jo 

Second, observe that 

I /\l —x! l ) n f(x)dx— f 1 f(x)dx\< M f 1 ( 1 - (1 -x n )”)dr, 

| Jo Jo | Jo 

where M = sup xe j 0 jj \f(x)\ and prove that lim„^oo«“ J'q (1 — (1 — x n ) n )dx = 0. 

1.67. Use the Bounded Convergence Theorem. 

1.68. Prove the limit equals 0 by using Lebesgue Convergence Theorem. 


1.5.3 Non-standard Limits 


There is no branch of mathematics, however abstract, which 
may not some day be applied to phenomena of the real world. 

Nikolai Lobachevsky (1792-1856) 


1.70. (a) First, prove that if k and l are two nonnegative integers, one has 

lim/'UlVd ,= „ 

n—t^Jo IxJ (k+ 1)(Z + 1) 

Second, approximate / and g by polynomials. 
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(b) Prove, by using the substitution n/x = y, that 





dt 


and calculate the limit of the last integral by using Lebesgue Convergence Theorem. 

1.71. Follow the steps: 

Step 1. Prove that if n is an integer and k and m are two nonnegative integers, then 


Awr ' , ^Wi«-, + r 


Step 2. Use Step 1 to prove that if k and m are two nonnegative integers, one has 

a 1 1 r 1 r 1 

lim / x! c ({nx}) m dx= - — —7 — = / xJdx / xP'dx. 

"Wo (Jfc+l)(m+l) Jo Jo 


Step 3. Solve the problem for the case when / is a continuous function. In this case, 
approximate both / and g by polynomials and use the previous step. 

Step 4. Use that any L 1 function is approximated in norm by a continuous function. 

1.72. Approximate / and g by polynomials. 

1.73. Prove, by using Euler’s formulae, 


sin(fx) = - 


Jtx _ „—itx 


and cos(fx) = - 


Jtx 1 „-itx 


that if m and n are two nonnegative integers, one has 

[ l 1 r 2n 

lim / sin"(fx)cos m (fx)dv = — / sin" x cos'" xdx. 
1 n Jo 

Then, approximate / by a polynomial. 

1.76. Show that if k > 0 and / > 0 are integers, then 


■i m - [■■■£ ( 1 + + 1 ) d *‘- d *=° 

\ Xn / 

1 integer, then 


and if k > 0 is an integer, then 


Next, approximate / and g by polynomials. 


1.6 Solutions 
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1.6 Solutions 


You are never sure whether or not a problem is good unless you 
actually solve it. 


Mikhail Gromov (Abel Prize, 2009) 


This section contains the solutions of the problems from the first chapter. 

1.6.1 Miscellaneous Limits 

When asked about his age: I was x years old in the year x 2 . 

Augustus De Morgan (1806-1871) 


1.1. The limit equals 1 whenO < a < 1, ln2 when a = 1, and 0 when a > 1. We have 

n 1 1 1 n 

n + n a < n+l a + n + 2 a+ '" + n + n a< n+ 1 

and hence, when a < 1, the limit equals 1. 

When a = 1, we have 


lim . 

V n + 1 n + 2 


1 \ 1 " 1 dx 

) = hm - Y — = / = ln2. 

2 n ) n->~ n [ l+k/n Jo l+x 


Let a > 1. We have, since n + k a > 2 s/n ■ k a ! 2 , that 


0< 


1 (- 1 


rt+ 1“ n + 2 a n + n a 2y / n\l“/ 2 2“ / 2 n a / 2 ) 

An application of Stolz-Cesaro lemma (the °°/°° case) shows that 


lim 


l + l 

jo/2 1 2“/ 2 


rt + ^72 H f : 


. . « "s/n + 1 + s/n 

- = lim , — = lim — — -+- = 0. 


n ~t°° sfn+l — s/n (n+l )“/ 2 
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1.2. The limit equals e f 1 . where y denotes the Euler-Mascheroni constant. 3 
We have 

12 n ( 11 1 \ , , , 

2 3 n+T ~ n ~ (^2 3 ""^in+T / — n “*“ 1 — 1" +1 — ln(w + 1} > 

where y n+ i = 1 + 1/2 H b 1 / (n + 1 ) — ln(n + 1). It follows that 


1 




n\l-a„J 


where a„ = (y,+i + ln(n + 1) — l)/n. Also, we note that a, , = 0{\nn/n). Thus, 


\nx n = — nln(l — a n ) — Inn = n[ a n + ) — Inn 


= n\ a n +0\ 


= na n — lnn + n • O I ( — 


— Inn 


= y„ + i - 1 + ln^— 1 - + n - O 


Inn 


1.3. The limit equals ln2 + 7r/2. We apply Stolz-Cesaro lemma (the °°/°° case) and 
we have that 


iim-y y 4±4 = iim [ y y 4214-y y 

+ / n ~^\£ \p,i 2 + j 2 l +j 


i+j 


i+j 


= 2 


(n+ 1) + 1 (n+l) + 2 


(n+ 1) 2 + l 2 (n+ 1) 2 + 2 2 


1 + ; 


n+ 1 y 1 
1+x 


- -I + 


(n + 1) + n 
(n + l)j+n- 

1 + dc 


1 

"n+T 

1 


*+(*) / n+1 


n 1 4 - x 

= 2/ ——^dx = n/2 + ln2. 
Jo l+-r 2 ' 


1.4. The limit equals ln(27r) — 1 — y. In what follows we solve a more general 
problem. Let / : [0, 1] — > M be a continuous function and we calculate the limit 


*The Euler-Mascheroni constant, y, is defined by y = lim„_ >0 o(l + 1/2H h 1 /n — Inn). 
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= /' /(*)(. lnr(x+l))"dJt. 
Jo 


Thus, if / e C 2 [0, 1] , one has that 

[' f(x) (Inr(x+ l)) ff dx = 7(/(0) -/(!))+ /(I) + [' f"(x)lnT(x+ l)d*. 

Jo Jo 

In particular, when f(x) = x 2 , we have that the limit equals 1 — 7+2 /q 1 In F(x+ l)dx, 
and the result follows based on Raabe’s integral 4 (see [136, pp. 446-447]) 

f 1 \nT(x)dx = lnV2n. 

Jo 

For the calculation of this limit see also Problem 2.2. 

Remark. This problem, as well as its generalization, is due to Alexandra Lupaj and 
Mircea Ivan. We proved that if f £ C[0, 1], the following limit holds 


1.5. The limit equals e/y/lK. We need the definition of the Glaisher-Kinkelin 
constant, A, defined by the limit 


A = 


lim A n = lim 


1 L 2 2 • • • « n 

„nV2+n/2+l/12 e -„2/4 


1.28242 .... 


4 This improper integral is attributed to the Swiss mathematician and physicist J.L. Raabe (1801— 
1859). We learned from the work of Ranjan Roy [1 10, Exercise 2, p. 489] that an interesting proof 
of this integral, involving Euler’s reflection formula r(jt)r(l — x) = n/sm(nx), was published by 
Stieltjes in 1878 (see [125, pp. 1 14-118]). Stieltjes has also proved that for x > 0 one has 

r l i 

/ \nT(x + u)du =x\nx — x+ -ln(27t). 

Jo 2 
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Let x„ = a (j) ( 2 ) • • • (") /e"/ 2 n -1 / 2 . We have 


, 1 , fn\ 11 Inn 


= - ( nlnn!-£lnk!- ^ln(n-k)! ) - ^ + ^ 

n V Jt=l k= 1 J 2. L 

= ^ ^(n+l)lnn!-2£lnfc!^ ~| + ^r- 
We note that ] In /c! = j (n + 1 — k) Ink = (n+l)lnn! — ££ =1 fcln&, and hence, 


lnx„ = - y kink — ^ Inn! — ^ + -^lnn. 

n^i n 2 2 


Since lnA„ = kink — (n 2 /2 + n/2 + 1/12) Inn + n 2 /4, it follows that 


lnx„ = - lnA„ + ( n + ^ + ^- ) In n — n — 


n+ 1 


Inn!. 


An application of Stirling’s formula, Inn! = ln\/27r + ^lnn + nlnn — n + 0(1 /n), 
implies that 

lnx„ = - lnA„ — J- Inn + 1 — ^ lnV^7t— ( 1 + - ) O 

n 3n n \ nj 

Thus, lim„^oo lnx„ = 1 — ln\/27r, and the result follows. 

Remark. This problem, which deals with the asymptotic behavior of the geometric 
mean of the binomial coefficients, is a stronger version of a famous problem that 
goes back to Polya and Szego [104, Problem 51, p. 45] which states that if G n 
denotes the geometric mean of the binomial coefficients ( ") , ( 2 ) , . . . , (") , then 
Hindoo \[Gn = \fe. Our problem implies that for large n, one has 



°n = \, 


X 


■■■(") =of e «/ 2 n-'/ 2 V 


1.6. The limit equals e 2 . Let a n = £f-i 1 / (£) p . Then for n > 3, one has 
11 i _ 2 

an -w + w + ur 
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Also, for n > 6 we have 



2 2- p+1 r n — 5 

“ 1 + ^p + nP(n-l)P + (”) p ’ 


since (£) > (") , for 3 < k < n — 3. Thus, 

2 ^ 2 2- p+1 6 p (n — 5) 

+ nP- a "- + nP + nP(n-l)P + (n(n- l)(n-2))A 

Hence, 


< a„ < 


2 2 p+l 
+ n p + nP(n - 1 )P 


6 p (n — 5) 


(n(n-l)(n-2)) p 


and the result follows by passing to the limit, as n — >■ in the preceding inequality. 

1 . 7 . The limit equals In 2 2 (see [28]). 

1.8. We prove that the limit equals 0 if 0 < a < 2 and — °° if a > 2. Let x n = ^fn\/n 

and let y n = lnx„. Using Stirling’s formula. Inn! = In y/2n + (n + 1/2) Inn — n + 
0(l/n), we get that y n = iln n! — Inn = — 1 + 0(l/n 2 ), and hence, 


lnx„ + i — lnx„ = — 


In 2 n 
2n(n+ 1) 


+ 


„l n 5±i_hin 
2n(n + 1) + ° 



Lagrange’s Mean Value Theorem implies that lnx„ + i — lnx„ = (x„ + i — x„) l/c„, 
where c n is between x„ and x n+ \. Also, we have that lim„_^*,c„ = 1/e. It follows 
that n“ (lnx„+i — lnx„) = n“ (x„+i — x„) • l/c„, and hence, lim„_j.«,n a (x n+ i — x„) 

1 c ■ n a (lnx„ + 1 — lnx„ ) . On the other hand, 


n“ (lnx n+ i - lnx„) 


ln(27t) 


2n(n+ 1) 2n(n+ 1) 



n“lnn 
2n(n+ 1) 



(1.2) 


When a = 2, we get, from (1.2), that ]im„^o» n 2 (lnx„ + i — lnx„) = — 
When a > 2, we have 


lim n a (lnx„+i — lnx„) = hm n“ 2 ■ hm n 2 (lnx„+i — lnx„) = — °o. 

n— n—>°o n—>o o 


When 0 < a < 2, we have, based on (1.2), that lim^oo n a (lnx n+ i — lnx„) = 0. 
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Remark. The problem implies that for a G (0,2), 

"+{/(»+ 1)! 

n + 1 n 

1.9. The limit equals e Y<a ) / a , where 


y(a) = hm f - H H 1- 

v ' V a a+ 1 a + n — 1 


1 , a+n-1 

-In 


We have that 


i i i , l i i t / \ 

T a+n— 1 = ga'a+ 1' ' a+n— 1 I ga+n — \ J 

1 I X | t gl/(a+n) _ J a + ji_l 

= ga + d+l + ^ a+n - 1 ln a . 

l/(a + n) a(n + a)’ 

and the result follows by passing to the limit, as in (1.3). 

Remark. When a — l, one has that 

lim ^e 1+ 5 + - + Wi _ e l+|+*+tJ = e rW = e Y. 


(1.3) 


Interesting properties of the sequence (y n (a)) n6 pj, defined by 


1 a+n-1 

- - ln , 


a + n— 1 


y„(a) = - + — j—- 
a a+ 1 

are studied in [119]. 

1 . 10 . For a solution, see [1 13]. 

1 . 11 . The limit equals ( e K + e~ K ) /In. We need Euler’s product formula for the sine 
function (see [109, Sect. 3, p. 12]) 

smnz = nzf\(\-^], zeC. 


Replacing z by iz and using Euler’s formula, sin a = ' 


-, we obtain that 


sin7nz — e 


2 KZ 


n • 


When z = 1 and z = 2, we obtain, based on (1.4), that 


if=n ,+ ? 


and 


J-n _ ^ 4 


4n 


(1.4) 


(1.5) 
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Let 


We have, based on (1.5), that 


n - n 


" (2m — l) 2 + 4 


4m 2 


.“f.n( 1 + p )= ' 


An 


and limll l + Tj « 


2n 


On the other hand, 


2 n 


n 



■J&,( 1 + i)'S( 1 + (2^Tp) 

_ " 4m 2 + 4 " (2m- 1)2 + 4 

4m 2 (2m- 1) 2 

_ » 4(m 2 +l) » (2m- 1) 2 + 4 

W (2m- l) 2 Al. 


We have, 


” 4(m 2 +!) _ A m 2 + I ” m 2 

JJJj (2m— l) 2 A A m 2 II (2m— l) 2 
/" m 2 + l\ 4 2 "(n!) 4 

“U=i n? )'{{ 2 n)\r 


It follows that 

" m 2 +l\ 4 2 >!) 4 

lit m 2 J ' ((2n)!) 2 Xn ' 

Since n\ = n K e~ n \/2nn(l + 0(1 /«)), one has that 

4 2 "(„!) 4 /((2n)!) 2 = ^(l + 0(l/n)). 



2n 


n 




m 2 + l\ 
m 2 J 


■n-(n-x„)- 



(1.6) 


Thus, 
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Letting n — > °° in the preceding equality, we get, based on (1.6), that 


4k 


- — K • lim nx„. 

2K 


It follows that nx„ = (e K + e K )/2 k, and the problem is solved. 

This problem is due to Raymond Mortini (see [93]). For an alternative solution, 
see [58], 

1.12. The limit equals e a / (e a — 1). A solution, for the case when a = 1, is given in 
[108, p. 56], 

1.13. It is worth mentioning the history of this problem. It appears that the case s = 1 
is an old problem which Bromwich attributed to Joseph Wolstenholme ( 1 829-1 891) 
(see [20, Problem 19, p. 528]). The problem, as Bromwich records it, states that 



which we call the Wolstenholme limit. In 1982, I. J. Schoenberg proposed the 
problem of proving that lim„_ >00 S n = \ j{e 1 ) where S n = (n + 1) — " S*=i 
(see [114]). However, it appears that this problem appeared previously in Knopp’s 
book [76, p. 102], A complete asymptotic expansion of S n was given by Abel, Ivan, 
and Lupa§ in [2], In 1996, Dumitru Popa studied a general version of this problem 
which was published as Problem C:1789 on page 120, in the renown Romanian 
journal Gazeta Matematica. His problem, which the reader is invited to solve, is the 
following one: 


C:1789. Let / : (0,1] — > (0,°°) be a differentiable function on (0,1] with 
/' ( 1 ) > 0 and In/ having decreasing derivative. Let (x„)„ 6 n be the sequence 
defined by 



Then, 


lim x n 


0 

1 

l-e-f'W 


Lf/(1) < 1, 

if /(l) — 1) 
if /(l) > L 


Recently, Michael Spivey [121] illustrates the importance of Euler-Maclaurin 

summation formula in analyzing the behavior of the sequence l m + 2 m H b m m 

as m—t °°, and he rediscovers, as a consequence of his results, the Wolstenholme 
limit. The problem is revived and brought into light by Finbarr Holland [42] who 
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attributes the problem to Spivey and provides two alternative ways to determine 
the limit, one elementary and the second by using the elegance and the power of 
Lebesgue integral. 

It is clear that this beautiful problem has attracted the interest of lots of 
mathematicians who provided elegant and nice solutions for it. However, taking 
into account that the first edition of Bromwich’s book An Introduction to the Theory 
of Infinite Series was published in 1908, we consider, as Bromwich did, that this 
problem, whose history appears to be lost with the passing of time, is due to 
Wolstenholme. 

1.14. We need the following result (see [65, Entry 5, p. 109]): 

i m .("- r Q)) =r - (U> 

First, we note we have an indeterminate form of type °° — <*> since the sequence 
■\/r(l/l)r(l/2)---r(l/n) is the geometric mean of T(l/n) which, based on 
(1.7), tends to On the other hand, we prove that 


— -• 

n e 

Let x n = T (l/l)r(l/2) ■ ■ • r (1/n) /n". A calculation shows that 

%-H __ r (iTT.) ( n V 
x n n + 1 W+ 1 / 

Using (1.7) we get thsAx n+ i/x n — > 1/e, and hence, the Cauchy-d’ Alembert criteria 
imply that (1.8) holds. Similarly one can prove that 



lim 

n->°° 


•yf 


(Orth-rfshl 


n 


1 

e 


(1.9) 


Let I = ["Vr(l/l)r(l/2)--.r(l/n+l)/n,^r(l/l)r(l/2)...r(l/n)/n]. 
The order of the two endpoints of the interval is not important. We apply Lagrange’s 
Mean Value Theorem to the function f{x) = lnx, on the interval I, and we get that 


nln 


84 t/ r (l) r (z)-r(S 


V r (T) r G)- r (iiir)-Vr(i)rQ)...r(i) 


= = -, (i.io) 
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where c n € I. Combining (1.8) and (1.9), we get that 

limc„ = -. (1.11) 

e 

On the other hand, a calculation shows that 


,+ y / r({)r(i)-..r(^) 

V r (T) r (i)-' r (s) 


= In ' 


\ r (i) r ( 


(stt) 


•r i 


Let y„ 




. Using (1.7), one has that 


yn + 1 
yn 



e, 


and hence, based on the Cauchy-d’ Alembert criteria, we have that 


win 


V r (r) r (l)- r (+) 

\/ r (T) r (l) • • • r (i) 


(1.12) 


Combining (1.10) — (1.12), we get that the desired limit holds and the problem is 
solved. 

For an alternative solution, see [85]. 

Remark. It is worth mentioning that one can also prove that if 

x„ = VC(i + i/iK(i + i/2)---C(i + iM 


then lim n _^oo (x n +i — x„) = 1/e. This can be proved by using the same technique as 
above combined with the limit lim„_> M £(1+1 /n) — n = y , which is a particular case 
of Dirichlet’s Theorem, lim^o £(1 +x) — 1/x = y (see Appendix A, Theorem A.3). 


1.15. The limit equals 


Let 


x n = X ln 

k=i 


e tt+i 

1 


if a+ 1 = /3, 
if a+l<l 3, 
if a+l>/3. 


/ k a \ 

« H 

:> + s) 

k a 

( 1+ ^) 

= 1 

k= 1 

k a 

nP 

"nP 
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It follows that 


ln ( 1 + i?) \ A k a 


Xuj <*«< 

, nP 


ln ( 1 +J?) \ A k a 


^ nP' 

k= l n 


We distinguish here the following cases: 

Case 1. a + 1 = /3 . We have, since lim^o ln(l +x)/x = 1, that 


lim min 

n->°° l *=i,...,re 


(i+5 


= 1 and lim max 


ln ( 1 + ^> 


= 1. 

(1.13) 


Also, 


UmV ^=lim-y (-V » /V d*=— . 

nP n g? x \n ) Jo « + l 

Case 2. a + 1 < /3. In this case we still have that (1.13) holds. However, 


A k a 


lim X “n = ( H m - X — 


lim - 


= 0 . 


n P n ^ n“ y yi-*» nP~ a ~ l y 

Case 3. a + 1 > /3. We have, since ln(l +x) > jc/ 2 for x e [0, 1], that 

->' 4 $>£r^ 


where the last inequality follows from the Arithmetic Mean-Geometric Mean 
Inequality. Using Stirling’s formula, n\ ~ V2 nn(n/e) n , we get that lim,,-^*,, = 
and the problem is solved. 

1.16. The limit equals e a ! p . Let {x n ) ne j.\ be the sequence defined by 


x n 


= ito 

*= 1 



ak p ~ l \ 
n P-kP^ 1 ) ' 


We have that 


min 

jfc=l,...,n 


akP~ l I 

J 


i 


ak p 1 
n p-k p - 1 


< 


< max 


O^- 1 I 

swip 1 / 


I 

*=1 


ak p - ] 

nP-kP- 1 ' 
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Since lim A _>o ln(l +x)/x = 1 , we get that 


, . ln 1+ ^> 

lim min — — = 

n— >“ \ k=l,...,n akP - 1 


= 1 and lim max — — = 

n— >“ \ *= «**“* 


Now, we calculate 


« i-p-i 

lim Y • — t . 

n p — k p ~ 1 

We note that n p — n p ~ l <n p — k p ~ l < n p , and hence, 


n up- 1 n w>-l " J-p-1 

Y r > Y r > Y — • 

" nP - nP-' ~ “ nP - k p ~ l ~ " nP 


We have 


lintX — = l im -if-y ! = [ 1 x p - 1 dx=- 
nP n->°°n ^ \nj Jo p 


On the other hand, 

_ k p ' 

°°fc=i ~ 


,“I n p — n p 1 n-><» n \ n 


AV 

/ n p ' 

\ 1 

- 

■ lim r 


W 

\n p -n p ~ l 

/ P 


Putting all these together we get that x n a/ p. 

Remark. When a = p, respectively, when a = p = 2, we have 

FT — 

n p -k p ~ 1 ~ " «— >"4 1_1 n 2 - k 


A- n p + (p- l)k p 1 "n 2 + k 

lim = e and lim = e, 

n-V- 11 nP - frp-t 1 1 »>2 _ t 


*=t 


and by the second limit, we rediscover a problem of Polya and Szego (see [104, 
Problem 55, p. 45]). 

1.17. The limit equals 2 a/k. We have, based on Lagrange’s Mean Value Theorem, 
that 


j=nJ 


' = -XMi- 


2 a 


/+' + a 


where 9 n E (jjj= n In ^ 1 — , oj , and we note that 9 n -> 0. On the other hand, 

we have that, for x € [0, 1), the following inequalities hold 

— < ln(l — jc) < — jc. 

1 —x 
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It follows, based on the preceding inequalities, that 






2a 


j k+l + a 


~ 2a %j M + a' 


A calculation, based on Stolz-Cesaro lemma (the 0/0 case), shows that 

j=nJ 


v iV' 1 1 . r Jtf. 1 1 

lim n > —r— = — and lim n > —r— = - . 

j^ n j k+l — a k n-x» j k+l + a k 


Putting all these together we get that the limit equals 2 a /k. 

1.18. The limit equals . ^&(p+ 1 )/p — | j . Since L = lim„_>„,x „/ {/n we have that, 
for 0 < e < L, there is no 6 N such that for all n > no one has the following 
inequalities (L — e) tfn < x„ < (L + e) tfn. It follows that, for all n > no, one has that 

L—e {/ n + tfn+ H \--f/kn x„+x„ + H \-x kn 

L + e ntfn nx„ 

< LM VE+^+T+--. + VE 

L-e ntfh 

On the other hand, 


Lfn+L/n + 1H [-Vkn 

n+/n 



Let / : [0,fc — 1] -+ K be the function defined by f(x) = {/\ +x, and consider 
the partition 0, 1,1 + 1, — 2,k — 2+\,...,k — 2 + 1, and 

the sequence of intermediary points given by 1, , 1, 1 + -,...,£ — 2 , k — 2 + 

— 2 + ftjLfc — 1 . Since / is Riemann integrable we obtain that 


lim 

n->°° 


tfn + {/n + H 1- Vkn 

nf/n 




(1.15) 


Letting n — > °° in (1.14) and using (1.15), we get that 

x n +x n+ 


L-e p 
L+e ' p+ 


_ . (kiP+^/P - 1) < lim - 


< L+E p 
L — £ p -\- 1 



Xkn 


^-1). 


Since £ > 0 is arbitrary taken the result follows. 
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1 . 19 . The problem, which is recorded as a lemma (see [91, Lemma, p. 434]), is used 
for introducing a new approach for determining asymptotic evaluations of products 
of the form f(n) = c\c 2 ---c n . 

For an alternative solution, apply Stolz-Cesaro lemma (the 0/0 case). 

1 . 20 . The limit equals ^ ^ In 1+ / 2 ■ We have, since 

n + k+b+-\/n 2 + kn + a >n + k+ \/n 2 + kn, 


that 


Xn = 


i 

k= 1 


1 

n + k + b-\-\/n 2 -\-kn + a 



1 

l+k/n + y/l +k/n 


and hence, limn-^x,, < fg l+x ^j l+x - Let p be the integer part of b, that is, p = \ b\ . 

We note that for all n > a/(p+ 1 — b) and all k 1 ,n — p- 1, the following 

inequalities hold 

t±£<t + t + 4<t±Z±i. 

n n n n 2 n 


We have 


n—p—l 

Xn= £ 


1 


= + I 


1 


= i n + k + b + Vn 2 +kn + a k=n-p n + k + b+Vn 2 + kn + a 

1 p+l 1 
=+S- 


= (T 


p + i 

-I 


:=1 n+k + b + Vn 2 + kn + a i=1 k + n + s/n 2 +kn 
1 i 1 


= + I 


j k 4~ n Hh ^/n 2 d - kn k=n—p n + k-\-b -\~ +ti 2 kn -l - (i 
= Sx-S 2 +S 3 . (1.16) 


We note that 


p + 1 

^2=X 


1 


-P+l 


=l k + n + V n 2 + kn n 

_ y 1 < 

3 k=n-p n + k + b + Vn 2 +kn + a 


P+1 

n 


and hence, lim^ S 2 = lim„^o» S 2 = 0. 

Since /< — A — b + VwF-H- kn + a<n + k + b + a/n + \/n 2 + nk + bn + a, we have 
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1 


n-p-1 i p + 1 

^ V 1 |_ V 

k=l n — k + b+Vn z + kn + a k=i k + n + \/n 2 + kn 


n-p-l 


1 n-p- 

*1 I 


1 


n k= i l+k/n + b/n + a/n 2 +sjl +k/n + b/n + a/n 2 


1 p + 1 

+ -X 


+ I; | l+&/n+-^/l+/c/n 


1 


n-p-l 

I 


1 


P+1 

=+x- 


1 


” \ *=! 1 + s + ^ + ^ + y 1 + s + | + ^ * =1 i+f+ Ji+f y 

= 51. (1.17) 

We note that 5j is the Riemann sum of fix) = 1/(1 + x + \/l +x) on the interval 
[0, 1] associated with the partition 0, 1, . . . , 1 and the system of intermediary 

points 

12 p p + 1 1 +b a 2 + b a n — p—l+b a 
n n ’ n ’ n ’ n n 2 ’ n n 2 ’ ’ ’ n n 2 ’ 

Thus, lim n _ H »S , i > 1+t _| ^ 1+j , and we get, based on (1.16) and (1.17), that 

hm»+^» - Jo i +x +f\+ x = 21nii 2^- 

For an alternative solution, see [100]. 

1.21. The limit equals 1 — ln2. We need the following lemma. 

Lemma 1.1. Let a and j3 be nonnegative real numbers. Then, 


limV / + “ - = /'^-d»=l 
n 2 + kn + j3 Jo x+l 


= 1 - ln2. 


Proof. A calculation shows that 


i k + a 1 i n“*“^ an — j3y, 1 


j^‘ l n 2 + kn + li n" 1 + ^ + ^ n p l n 2 + kn + l 3' 

On the other hand, we have that 

an — j3^, an — j3y 1 ^ an — /3 

: 2^ 7^ : 77 


2n 2 + J3 n n 2 + for + /3 n 2 + n + fi ’ 
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and hence, 


lim £ _J 

n “ n 2 + fcn + /3 


We prove that 


£+a 


= 0 . 


in ft4s.iL i n-1 * + JL 

= lim - Y — - — — = lim - Y — - — ,J2 - jr = l - ln2. 


£ » 2 + *« + £ 1 + 1 + 4 »-»- n^l + i + 


To see this, we note that for all = 0, 1, ... ,n — 1, and for large n, i.e., for n > j3, 
one has 

k k P fc+1 

- < - H — 2 — • 

n n n z n 

Thus, the preceding sum is the Riemann sum of f(x) =x/(l +x) on [0, 1] associated 
with the partition 0, i, . . . , 5=1,1, and the system of intermediary points | 
k = 0,1 .... ,n — 1. The lemma is proved. 

Now we are ready to solve the problem. Without losing generality let b < c. 
We have that 


k + a 


k + a 


k + a 


n 1 2 + kn + c \Jn 2 + kn + b ■ Vn 2 + kn + c n 2 + kn + b’ 


and the problem is solved by using the Squeeze Theorem and Lemma 1.1. 
For an alternative solution, see [101]. 

1.22, The limit equals 2\/2 — 2. We need the following lemma. 

Lemma 1.2. Let a and ft be nonnegative real numbers. Then, 



\/n 2 +kn + a 
n 2 +kn + P 


= 2y/l-2. 


Proof. We distinguish the following two cases: 

Case 1. a < 2/3 . Let A > 2/3 — a be fixed and let n be an integer such that n > 
1 ^ 3 - We have 

1 ^ \/n 2 + kn + a ^ 1 

^Jnf+kn+X ~ n 2 + kn + P ~ s/n 2 + kn 



/1 + 5 - 


= < lim Y 


y/n 2 + kn + a 
n 2 + kn + P 
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We prove that 



-Um -I- 

n—ioo n 


/1 + 4 - 


2yf2-2. 


To see this, we note that for n> X and k = 0, - . . , n — 1, we have 

k k X ^ k+l 

~ < _ + ~2 < • 

n n n A n 

Thus, the preceding sum is the Riemann sum of f(x) = 1/^/1 +x on the interval 
[0, 1] associated with the partition 0, lyj, . . . , . . , *^1, 1, and the system of 

intermediary points | = 0, 1, and the result follows. 

Case 2. a > 2/3. Let A be such that X > a — 2j5 and n > J3 2 / ( a — 2/3). We have 

1 ^ y/n 2 + kn + a < 1 

y/n 2 + kn ~ n 2 -+- kn + /3 ~ y/nX + kn — X 


Thus, 



This follows by observing that the preceding sum is the Riemann sum of f(x) = 
l/s/x+1 on [0, 1] associated with the partition 0, 1, . . . , 2=1,1* and the system of 
intermediary points 4 — \,k=\,...,n. The inequalities 4=1 < \ ^ < \ hold for 

all k = 1 ,n and n>X. 

Without losing the generality, we consider b < c. We have 

Vn 2 + kn + a ^ Vn 2 + kn + a ^ y/n 2 + kn + a 

n 2 + kn + c y/n 2 + kn + b ■ yj n 2 + kn + c n 2 + kn + b 

and the problem is solved by using the Squeeze Theorem and Lemma 1 .2. 

For an alternative solution, see [96]. 

1.23. The limit equals 2(y/2— l)/3 . We need the following lemma. 

Lemma 1.3. Let k>0 be a real number. Then, 





^/(i+k) 2 + U + k) 2 


2 ( 72 - 1 ) 


3 
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Proof. First we consider the case when k = 0. Let y„ = 1/ n 3 X" \ X"=i i j/ \J i 2 + j 2 ■ 
Using Stolz-Cesaro lemma (the °°/°° case) we get that 


j [ 9 y i(n+l) + (»ti; 

3n 2 + 3n + 1 l ~ ,/i 2 + (n+l) 2 v / 2 («+ 1 )" 


2(„ + l)f , '' /( " +1) , + 

£ V 1 + (*'/(« + 1 )) 2 ^ 


2 ("+ 1 ) 2 1 V ’/(" + !) 

3w z + 3n + 1 n-^oo n H- 1 g 1 + {i/(n + ] 


3 ./0 yj 1 J? 

Now we consider the case when k > 0. Let 


, - ' V y 

« 3 s a vii+ira 


and we note that it suffices to prove 


^ Y V l — L V V ^ 

" vW+Iit? « 3 , z iii v ^+; 2 

-li v (2k 2 + 2ki + 2kj)ij 


= 4 lX 


^/(i + A) 2 + (j + A:) 2 y 7 i 2 + j 2 ( \/(i + A) 2 + (7+A) 2 + \/ i 2 + J 2 ) 


It follows, since yj i 1 + j 2 > \/2i], that 

1 (2k 2 + 2ki + 2kj)ij 1 ” ” k 2 + ki + kj 

Kl £ ? S £ s 


jt 2 /"l\/«l\ A; / I " 1 W 1 ” ^ 


4 ! x 4 ( ii 4 


V2\n^Vi U 
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Letting n — > °° in the preceding inequality and using that 


lim - Y — = = 0 and lim Y \Tj = 0, 

« pi v7 


#=4 

we obtain that = 0 and the lemma is proved. 

Now we are ready to solve the problem. Let 




u 


' n3 yj p + f + ai + bj + c 

and let k = max ja/2,fc/2, y/c/2^. We get, since 

i 2 + f < i 2 + f + ai + bj + c< ( i + k) 2 + (J + k) 2 , 


that 


_ y y ^ 

5 Pi pi v / MF+(i+f 






(1.18) 


Letting n— »°°in(1.18) and using Lemma 1 . 3 , we get that lim„_^ x„ = 2 (\/2 — 1)/3. 

1.24, We have, since sin 2 (nx) + cos 2 (nx) = 1, that sm(nx) = 0. On the other 

hand, sin(«x) sin* = cos(nx) cos* — cos(n + 1 )*. Letting n — > °° in the preceding 
equality, we get that 0 = cos* — 1 , which implies that x = 2kn. 

1.25. We prove that the limit, denoted by L(a, J3 ), equals 


1 °o if 2a >2)3-1, 

0 if 2a <2)3-1, 

/o^ck = 2 V2- 2 if 2a = 2/3-1. 


We need the following lemma. 

Lemma 1.4. Let a, b, u > 0 be real numbers and let v > 0. Then 



l + § + 4' 


1 + 







y, (« 2 +£n + a) a 
Pj (n 2 + &n + &)0 


n 2 « 1 " ( 1 + « + ^) 


Let 
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An application of Lemma 1 .4, with u = a, v = J3 , shows that the desired result holds. 
Now we prove the lemma. 

Proof. Let 

v if ("fes)" 

n k=1 (l + k + ^y 

We have 


n k= l 


(t+ k -+ 

*) 

l“- ( 



! 

[l + k - + 

$)' -£■ i 

(' + ; + ?) 


( 1 . 19 ) 


Without losing the generality, we assume that a>b. Thus, 

n ^ 


(l + * + £)" 


s 1 ! 

n t\ 

1 " / kb 

— - X ( ^ *" 2 

"wV n « 2 


i+=+^i -U+-+4 


1 + 






n 2 + &« + £, 

, k b 

1 H 1 — y 

n n A 


1 + 


1 


*+l\“ 


where the last inequality follows from the fact that for large n one has n > b. 
We have, based on the preceding inequality, that 



Also, for large n and for h = 1 , 2, . . . , n — 1, we have 


k k b k + 1 

- < + *< . 

n n n z n 


(1.20) 
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On the other hand, we note that 



H+s)“ 

(i+i+^y 


/ 


(1 + ■*)“ 

(1 +x) v 


dx = 



(1.21) 


since the preceding sum is the Riemann sum of the function f(x') = (1 +x) u v on 
the interval [0, 1] associated with the partition 0, 1, ... , 'j t and the system of 
intermediary points i + ■ ■ ■ > + “I- Combining (1 . 19)— (1 .21), we get 

that the lemma is proved. 

Remark. The following limits hold 


L 




1 

i^ff + kn + h 


2V2-2, 



x/n 2 + kn + a 
n 2 + kn + b 


2 ^ 2 - 2 . 


1.26. The limit equals (—1)". Let L„ be the value of the limit. We have, based on 
Lagrange’s Mean Value Theorem, that 


fn 0) - fn- 1 (*) = exp(ln/„(x)) - exp(ln/„_i (x)) 

= ex P(fn- 1 U) lnx) - exp(/„_ 2 (x) lnx) 
= {fn- 1 W -fn-l{x)) ■ lnx- exp(0, ,(*)), 


where 9„ ( x ) is between /„_ 1 (x) Ini and /„_ 2 (x) lnx. This implies that lim TH ,i 9„ (x)=0. 
Thus, 


L„ = lim 

x — )■! 


fn{x)-fn- \{X) 

(i -*)" 


= lim 

x->l 


fn-l{x) - fn- 2 {x) lnx 


(1 


1 — X 


exp(0„(x)) = ---Ln-i. 


It follows, since 


L! = Hm ^ = 1, 


that L n = (—1)” 2 L 2 = (—1)", and the problem is solved. 
1.27. (a) We need the following lemma. 


Lemma 1.5. Let 0 < x < 1. The following inequalities hold 


1 x ! A 1 

x < — r and x e = X < — r . 

in \ Ini 


Proof The inequalities can be proved by straightforward calculations. 


46 


1 Special Limits 


Now we are ready to solve the problem. Let (h k ) k > 1 be the sequence of functions 
defined on (0, 1 ) by the recurrence relation h k+ 1 (x) = x**^' , with h\{x) = x. It is easy 
to check that hi(x) = x < x* = h 2 (x) < 1. It follows that h 2 (x) = x l > x** = h 3 (x). 
Continuing this process, we obtain that the following sequence of inequalities hold 


hi(x)<h 3 (x)<- ■ ■<h 2k -i(x)<h 2k+ i(x')<- ■ ■<h 2k (x)<h 2k 2 (x)<- ■ -<h 2 (x). 

( 1 . 22 ) 

Thus, the sequence (h 2k+ i) increases. We show that for each k > 1, one has that 

x<h 2k +i(x) -tZ-J-r, 0<x<-. (1-23) 

In ^ e 

The left inequality holds, based on (1.22), for all x £ (0,1). We prove that the 

right inequality holds by induction on k. We know, based on the first inequality 

1 

of Lemma 1 .5, that x < ^ . This implies that x* >x ln ( , which in turn implies that 

, t . 

h 3 (x) =x ** <y^ x =xe < — i-p, 

In ± 

where the last inequality follows from the second inequality of Lemma 1.5. Thus, 
(1.23) is verified when k = 1. For proving the inductive step, we assume that (1.23) 
holds for fixed k, i.e., 

h 2k+1 (x) < (1.24) 

In j 

and we show that h 2k+3 (x) < Inequality (1.24) implies that 

a* 2 ** iW >x ^ ^h 2k+3 (x) =/ 2k+l(x) =x l < J . . 

In 4 

where the last inequality follows from the lemma, and the induction is completed. 
Since < 1 for all k > 1 we obtain from (1 .23), with x = =^yy, that 

2k+l <Xk = hlk+l (2JH-1) < ln(2k+ 1) ’ 

and the first part of the problem is solved. 

(b) We have, based on (1.23), that for all k > 1, one has that x < h 2k _ \ (x) < for 
all x e (0, y). It follows that 
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Letting x = ^ in (1.25), we get, since ^ j for k > 2, that 


1 2JE 

2k 


>yk = 


2k 


> 2k 


1 


k>2. 


On the other hand, it is elementary to prove that 1 — x > x* for all x e (0,1/4), and 
hence, y k < < 1 — 

Now we prove 5 that y k > 1 — l/ln(2k). One can check that the inequality holds 
for k = 10 and we prove it for k > 1 1. To do this we show that 


/(*) = 


xlnx 


- > e, 0 < x < 


22 ' 


(1.26) 


A calculation shows that 


, l + (l+lnx) 2 ln(l + !i L) 

J K ’ (1 +lnx)(xlnx) 2 

Since ln(l +x) + x 2 /(x + l) 2 < 0 for — l/ln22 < x < 0 one has that 1 + (l/x + 
l) 2 ln(l +x) < 0 for — l/ln22 < x < 0. Thus, f(x) < 0 for 0 < x < 1/22. This 
implies that /(x) >/( 1/22) > e and ( 1 .26) is proved. Let g x (a) = x 1 " and let/i, f (a) = 
g x (a) — a, where 0 < x < 1 /22 and — °° < a < A calculation shows 

g' x (a)=x a \n 2 xg x (a) > 0 and =x fl ln 3 x(l +x a \nx)g x (a). 

Since 1 +x°lnx > 1 +x l+1 / ln;c lnx = 1 + exlnx, for a > 1 + 1/lnx, one has that 
g x (a) = h x (a) < 0, for a > 1 + 1/lnx. Inequality (1.26) is equivalent to h x { 1 + 
1/lnx) >0. On the other hand, h x {\) < 0, and it follows, since h! x (a) <0, that there 
is a unique a x e (1 + 1/lnx, 1) such that gx(oCx) = a x . We note that tt\/(2k) < 1 
and 8\/{2k) ( a ) > °’ which im P lies that a i/(2k) = gi/(2k)(«i/(2k)) < 8\ / (2k)(X) • Since 
«i/(2i) < 8\/ (2k) ( 1 ) and g' l/(?k) {a) > 0, we get that a 1/(2i) = gi/(2k)(^i/(2k)) < 
8i/(2k){8i/(2k)(l))- Continuing in this way we get the result 1 — l/ln(2 k) = 1 + 
1 / In ( 1 / (2k)) < ay {2k) <y k . 

(c) The limit does not exist (see parts (a) and (b)). 

For an alternative solution, of parts (a) and (b), the reader is referred to [37]. 

Remark. This problem is about studying the behavior of a very special sequence 
involving iterated exponentials. However, the problem differs significantly, in terms 
of the results, by the classical problem involving iterated exponentials. Recall that 
if a > 0 is a real number, then the sequence 

a a? a a “ 

a, a , a , a , . . . 


’This part of the proof is due to Manyama (see [87]). 
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is called the sequence of iterated exponentials generated by a. The question of 
determining the values of a for which this sequence converges as well as a nice 
discussion of the history of this problem, who solved it first and how it appeared in 
the mathematical literature, is given in [4], 

1.28. (a) We have 



= j\(l-x n ) 2 ^ J j (m + l)x m J dx 
= £(m+l) [ 1 x m+l (l-2x n +x ln )dx 

m = 0 


= X(«+i) 

m = 0 




- + 


1 


n + m + 2 2n + m + 2 


= 1 + (2 n+ l)H 2n+l - (2 n + 2 )H n+1 . 

The last equality follows by calculating the limit of the mth partial sum of the series. 

(b) We note that 

x„ — (2 n + 1) ln2 + Inn = 1 — y+ (2 n + 1) {H 2n +\ — ln(2n + 1) — y) 

— (2n + 2) (H n+ i — ln(n +!) — /) 

+ (2„ + l)ln^±l + l„ ’ 

2n + 2 n + 1 

and the result follows since lin^^n^,, — In n — y) = 1/2. 

(c) Part (c) follows from part (a) of the problem (see also the solution of 
Problem 1.29, the case when k = 2). 

1.29. The limit equals 

r l f 1 dridr 2 • • • dfy 
JO Jo Xi+X 2 -{ \-Xk 
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We have, since 1/a = / 0 “ e al dr, that 
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On the other hand, 

tk- 2 


- = Y — — , where b , = 

\ f-L 1 


(t+ 1 ) •••(/ + &) t + j 
and note that bi + b2 H \-b/ i = 0 . Thus, 

tk- 2 


(- I )*-;- 1 /- 2 A - 1 

(k- 1 )'. \j~lj ’ 


r 


(t+l)(t + 2)---(t + fc) 


df = 






= “ X fo 7 ln 7 , 
.jNt 


since lim,_ >e o Xj=i &7 ln(t + j) = 0 . To prove this, we have, since b\ = —b2 b^, 

that 1101,^00X7=1 % * n ( f + i) = 1101,^00X7=2^7 l n i+f = 0- ^ follows that the limit 
equals 


k 

(*- 1)1 


-Uk-jtk-2 


I(-l> 


it- 1 
7-1 



and the problem is solved. 


1 . 30 . Let S n = X”= 0 1 /(«'+/) and let F{n) = / 0 "dt/(a‘ +x k ). Using Lagrange’s 
Mean Value Theorem, we get that 


1 

a n+l + x k 


<F(n + l) — F(n) < 


1 

a n +x k ’ 


and it follows that 

f(„ + i}< S ,<f(„ + 1 )+ ^ ;s U JE; 

Letting n—>°° we get that 

r°° dt ^,1 /■“ dt 1 

7 o a f +x k ~ ~‘ Q a n +x k ~ Jo a , + x k \+x k ' 

A calculation, based on the substitution a' = y, shows that 

/■“ dt _ln(l+x*) 

7 o a f +x i x^ In a 
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Therefore, we get that 

ln(l+x*) < x* y 1 m+x*) . . J* 1 

lnalnx “lnx ^ Q a n + x k “ lnalnx \+x k lnx’ 


(1.27) 


Letting x — > in (1.27), we get that the desired limit holds. Also, it follows from 

(1.27) that 

Into, - A) < Into, ( A ■ £ * - A) 

\ lnalnx In a) llnx £f 0 a n + xr Inal 

, , / ln(l +x k ) k \ In lnx x k 

< lnlnx ( ) + — T . 

\ lnalnx may lnx 1+x* 


Since 

In lnlnx 

lim — = 0, 

lnalnx 

we get that part (b) of the problem is solved. 

1.31. (a) The limit equals 1 when a = 2,0 when a e (0,2), and °° when a >2. We 
need the following lemma. 

Lemma 1.6. The following limit holds lim*-^ 2 X (£(x) — 1) = 1. 

Proof. We note that if x > 1, we have £ (x) = X,7=i ^ = 1 + ^ +X7=3 Jr > 1 + ^ 
and hence, 

l<2*(C(x)-l). (1.28) 

On the other hand, 57T=3 Jr < ii Jrdf = jzf, from which it follows that 

2*(C(x)-l)<^±I (1.29) 

From (1.28) and (1.29) we get that lim JC _j.«,2- t (^(x) — 1) = 1. 

Now we are ready to solve the problem. First, we prove that S n = X7=i k(k+i) n = 
n — £ (2) — £ (3) £ (n) . We have, since 

1 1 1 

k(k+l) n ~ k(k+l) n ~ l ~ (k+l) n ’ 


lim lnlnx 

X— 


m(l + x ) k 

lnalnx lna 


£ 


i 

*(*+ 1 )' 


= £ 


i 

k(k+ l)"- 1 


-£ 


i 

(*+!)' 


that 
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and hence, S„ = S n _ i — (£(n) — 1). Iterating this equality we obtain that S n = S i — 
(C(2) + C(3) + • • • + £(n) - («- 1)) and since Si = 1 /(k(k+ 1)) = 1, we obtain 

that S„ = n — £(2) — £ (3) £(»). 

First we consider the case when a = 2. Let L = 2 n S n . Since S„ verifies 

the recurrence formula S n =S n -i — (£(n) — 1), it follows that 2 n S n = 2-2” _1 S„_i — 
2"(£(n) — 1). Letting n tend to <*> in the preceding equality and using the lemma, 
we get that L = 2L — 1, from which it follows that L = 1. If a < 2, we have that 
L = lim„_ >M a n S n = lim„^^ 2 n S n ■ lim n _ >ot ,(a/2)" = 0, and if a > 2, we get, based on 
the same reasoning, that L = °°. 

(b) The limit equals 1 /2. Use that lim„_^2 n (n - £(2) - £(3) £(«)) = 1. 


1.32. (a) The limit equal f 0 f(x)dx. First we note that for all k 1 , . . . , n — 1 , one 
- < We have, based on Lagrange’s Mean Value Theorem, that 


has that - 


x n + 1 x n — y. ( / 
*=1 


& 

«TT 


-/ - +/ 


n+l 


= l! (“TT - /(%,»)+/( -jt 

V«+l n) Vn+1 


i + l 

n-l . 


-4tI-/(-)+/(^t), (1.30) 

n + 1 " n \nj \n+\ J 

where < 8/, ,, < |. On the other hand, since f is uniformly continuous, we get 
that for e > 0 one has that 

I - ( m« ) -/'(-)) |< 4 t^ 1£ - - = £ - 2TTT y 

I «+!*=!« V W/ I « + l*Ti n 2(n+l) 

and since e is arbitrary fixed, we get that 

lim - (f'( d k,n)-f(k/n)) = 0. 

n->~ n+l ' 

Letting n tend to °° in (1.30), we get that 

lim \-x„) — -[ xf\x)dx + f(l)= [ f(x) dx. 

«->■“ Jo Jo 
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(b) This part is open. 

1.33. The limit equals 

4 In 4 = 0.30164 03204 67533 19788 

2 i r(i + o 


We have 

lim ( Y arctan 1 Ik — In n ] = lim Y (arctan \/k — \/k) + lim ( V 1 Ik — Inn ) 

\t\ J n ^°° \*=i J 

= X (arctan 1 fk— 1/ k) + y. (1.31) 

k=\ 

Since arctan x = £“ =0 (— ' ) n x 2n+] / (2 n + 1 ) for — 1 < x < 1 , we get that 

! 1 (“i/‘-i/‘)=! 1 (l^(i) 2 “ +l ) 



= i^CP'‘+'). (132) 

Now we need the following power series expansion [122, Entry 12, p. 160]: 

00 f2k+l 1 

X C(2 k+ 1)— = - (lnr(l -t) - lnr(l+t)) -yt, \t\ < 1. 


Letting t i in the preceding equality, one has that 


I 


(~l) n 

2n+l 


C(2n+l)=-ln 


r(i-Q 
r(i + 1) 


-7- 


Combining (1.3 1)— (1 .33), we get that the problem is solved. 
This problem is due to Mircea Ivan (see [69]). 


(1.33) 
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1.6.2 Limits of Integrals 


Finally, two days ago, I succeeded - not on account of my hard 
efforts, but by the grace of the Lord. Like a sudden flash of 
lightning, the riddle was solved. / am unable to say what was 
the conducting thread that connected what I previously knew 
with what made my success possible. 

Carl Friedrich Gauss (1777-1855) 


1.34. The limit equals s/l. Let /„ = if' 2 \Zsin"x + cos"xdr. Then, 

flt/A : rl t/2 

Ji r/4 


ft*/ 4 fX/ 2 . 

I n < / v cos" x + cos” xdx + / vsin"x + sin"x(k 

Jo Jk/4 


( fit / 4 rn/2 

= v2 I / cosxdx + / sinxcbc 
\70 Jit /A 

= 1/2.V2. 


On the other hand, 

fit /4 fit/ 2 

I n > / cosxcbc + / sinxdr=v2. 

70 Jn/4 

Thus, < /„ < v/2 ■ a/ 2, and the result follows. 

Remark. More generally, one can prove that if /,g : [a,h] — > [0,°°) are continuous 
functions, then 

Jim J a s/f l (x) + g n (x)dx= jf A(x)ck, 
where h(x) = max {/(x) ; g(x)}. 

1.35. The limit equals 2T (1 + 1/a) . We need the following lemma. 

Lemma 1.7. Let & e (0, 1] he a /.red real number. Then, 

Proof. First we consider the case when k = 1. We have, based on the substitution 
y a = t, that 

n l « 1 (1 —y a ) n d y = £ (1 - t) n 'dt = (n+ J, 1 /a) 

r (»+i)-r(i) _ i/i\ n i r(w+ 1 ) 

oc r(n + l + ^) a V®/ r(n+l + ^) 
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It follows, in view of Stirling’s formula, that 


.. i r(n+l) 

lim n a — — = 1 , 

rn + l+I 


and hence, 


to.*jJ‘( 1 -yr*=fr(i)=r( i + ±). 

Now we consider the case when k £ (0, 1). We have that 

£ (1 - y a f dy = nb £ (l- y a ) n dy - n* £ (1 - y a ) n d y, 

and we note that it suffices to prove 

i r 1 

limns / (1 —y a ) n dy = 0. 

Jk 

We have, since k<y< 1, that 

0 < (1 -y a ) n dy < n®(l - jfc)(l -k a ) n . 

Since lim„_ >0 „n 1 / a (l — k a ) n = 0, it follows, in view of the Squeeze Theorem, that 

i f 1 

limn « / (1 — y a ) dy = 0, 

»->“> Jk 

and the lemma is proved. 

Now we are ready to solve the problem. Using the substitution t — x = y, we 
obtain that 

ns jT 1 (1 - (t-x) a ) n dt = «s j l ~ X (l-y a ) n dy 

i f° i rl-x 

= n« J {\-y a ) n dy+n« J (1 -y a ) n dy 

= «s f (1 —y a ) n dy + n^ f (\-y a ) n dy, 

Jo Jo 


and the result follows as an application of Lemma 1.7. 

1.36. The limit equals Since — i , 1 . , a , . - „ 

n c c+sin z xsnr (jc+1)..- snr (x+n) ~ c 


m i. i: 


cbr 


< ^ , we get that 
b-a 


c+ shrx- shr(;c + 1) ■ • • snr(x+«) 


< 


(1.34) 
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An application of the Arithmetic Mean-Geometric Mean Inequality shows that 

v n+! 


sin 2 x- sin 2 (x + 1) • • • sin 2 (x + «) < 


On the other hand, 


sin 2 x + sin 2 (x + 1) H bsin 2 (x + n' 

n +1 


.? .t, . 7 , \ n+ 1 sin(«+ l)cos(n + 2x) 

sin 2 x + sin (x+l)H bsin (x + «) = — ’ . , -. 

2 2 sin 1 


It follows that 


dx 


c + sin 2 x • sin 2 (x +!)••• sin 2 (x + n) 


>-i: 


dx 


( 1 sin(n+l) cos(n+2x) ^ 

' 1^2 2(n+1)sin1 J 


Let 


fn(x)=- 


1 


iB(«+l)cOs(B+2^) > 
2(nH-l)sinl J 


We note that, for fixed xg [a,b\, one has lim n _> M /„ (x) = 1 / c, since 


1/1 sin(n+ l)cos(n + 2x) 
< | \2 2 (n+ l)sinl 

We have, based on Fatou’s lemma, that 


<| 1 + 


1 


2 2(n+l)sinl 


- 1 - 0 . 



dx 

c + sin 2 x — sin 2 (x + n) 




dx 


(l sin(n+l)cos(n+2t) \ n 

\2 2(n+l)sinl ) 


-I. fa/* 


C+(| 

x) ) dx 


b — a 
c 


(1.35) 


Combining (1.34) and (1.35), we get that the problem is solved. 

1 . 37 , We prove that L = \/(k+\). Let / : [0, 1] -¥ R be given by /(x) = ln(l +x). 
Since / is concave we get that /(x” +1 ) = /(x ■ x" + (1 — x) ■ 0) > x/(x") + (1 — 
x)/( 0), and hence, ln(l +x" +1 ) > xln(l +x"). Iterating this inequality we get that 
ln(l +x? +k ) > x*ln(l +x"), and hence 


L 


ln(l +^ +k ) 
ln(l +x") 


dx > 



1 

k+ T 


On the other hand, since ln(l +x) < x, we obtain that 

r l ln(l+x" +<: ) , f 1 x " +k , 

/ — ; — dx< / — ; -dx. 

Jo ln(l +x") Jo ln(l +x") 
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Let g n (x) = x”+Vln(l + *")> x G [0, 1], Since ln(l +x) > x/2 for * G [0, 1], we 
get that 0 < g n (x) < 2xJ < 2 for all x G [0,1] and all n G N. On the other hand, 
since g n {x) = x k for x G [0, 1) we get, based on the Bounded Convergence 

Theorem, that 

yll+k /»1 1 

lim / T~r, cd* = / x k dx =- — . 

n—t'X'Jo ln(l +x n ) Jo k + 1 

The second limit equals 0. We have 


x n = n 



ln(l +x n+k ) 

7 — dx 

ln(l -\-x n ) 



= n 



ln(l +x" +k ) 

7 — dx 

ln(l +x") 



-/■« 


ln(l +x" +/: ) -x*Tn(l +x"' 


ln(l +x n ) 


1 ln(l +y~ 


) -y* ln(l+y) l 

—y n dy. 


yln(l + y) 


We note that, forx G [0,1], the following inequalities hold 


x--<ln(l+x)<x-- + j. 


Thus, 


ln(l +x" +k ) -x*ln(l +x") < xT +k 


,2n+2k x 3n+3k ^ 



= X ln+k 


O-**# 



<^ n (\ + \ 



This implies, when ^ = y, that ln(l +y( n + k )/ n ) -//» ln(l +y) < 5y 2 /6. 

Let f„{y) = (ln(l +y(»+*)/») -//"ln(l + y))y 1 /" / (yln(l + y)), for y G (0, 1], 
It follows that 0 < f n (y) < 5y/ (6 In ( 1 +>>]), y G (0,1]. On the other hand, for 
y G (0, 1], one has that lim (y) = 0, and the result follows from Lebesgue 
Convergence Theorem. 

Remark. The problem can be solved in a greater generality: If / : [0, 1] R is a 
continuous function, then 

L(f) = SljC M1^) ) /(J) ^ = 



58 


1 Special Limits 


and 


lim n 

n—>°° 


ln(l +■*”+*) 


Jo ln(l +x n ) 
1.38. (a) Let e > 0. A calculation shows that 


/(x)dx-L(/) =0. 


j: 


f(ax) — f(bx) 


dx = 


Je X Je 


f{bx) 


dx 


= rm dt _[ b fj> 

Jae t Jbe t 


/«, 


= [ be M dt _ f b M 

Jae t Ja t 




**>&-£*. 


b m. 


= /(c) In- - 


where c G [ae.be] and the equality (*) follow in view of the First Mean Value 
Theorem for Integral. Thus, 


1 f(ax) -f(bx) 


dx = lim / 
£->0 Je 


f(ax) - f(bx) 


dx = /(0)ln - — [ b ^- d t. 
a J a t 


(b) The limit equals 


\ \nb/a — /[ ai 6 ]n /-i({ 1}) dx / x if /( 0) = 1, 

l if /( 0) < 1. 

We have, based on part (a), that 

Let g n (x) = /”(x)/x, for x G [a,b\, and we note that |g„(x)| < 1/a. On the other 
hand, forx G [ a,b\ , the limit function equals 


g(x) = lim g„(x) = 


0 forx with -1 </(x) < 1, 

1 /x for x with /(x) = 1 . 


Now the result follows in view of the Bounded Convergence Theorem. 

Remark. We note that S\ab]nf- l ({\})^ x / x = k i {[ a -b] fl/ - ' ({1})), where jl is the 
measure defined by dji = dx/x. Also, if / is a function such that the set / -1 ({1}) is 
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a discrete set, then the limit equals either 0 or In b/a according to whether /( 0) < 1 
or /( 0) = 1. 

1.39. (a) For a solution to this part of the problem, see [32], 

(b) Use the fact that any continuous function defined on a compact set can be 
uniformly approximated by a polynomial. 

1.40. The limit equals f /(0). We need the following two lemmas. 

Lemma 1.8. Let nbe a nonnegative integer. Then, 

/■§ sin 2 nx tin 

/ • 2 ,d *= T' 

J o sin x 2 


Proof. Let 


We have 


«„=/ f 

Jo 


-dx. 


1 r? cos(2n— 2)x— cos2nx 


>=u 


dx 


-L 


f sin(2n— l)x 


dx 


and 


. , . fj sin(2n— l)x— sin(2n — 3)x , 

i)-(a n _t-a n _ 2 )= / : dx 

Jo sinx 

= 2 / cos (2 n — 2)xdx 

Jo 

= 0 . 


Itfollows thata„ — 2a„_i+a„_2 = 0. Thus, a„ = a + fln, and it follows, since ao = 0 
and a\=n/2, that a = 0 and /3 = 7t/2. Hence, «„ = nn/2. and the lemma is proved. 

Lemma 1.9. Let k > 0 be a nonnegative integer. Then, 


n^>°°nJo sin x lo 


if k = 0, 
if k> 1. 


Proof. The case when k = 0 follows from Lemma 1.8. We focus on the case when 
k > 1 . We have, based on Stolz-Cesaro lemma, that 


lim - 

n-> • 


v 


2 sm 2 nx kt /o' 

— xdx = lim 

r 


-x^dx 


= lim [ 
n~>°°J 0 


i sin 2 («+ l)x— sin 2 nx 


-x*dx 
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When k > 1, the function x — > jc*/ sinx is integrable over [0,7t/2], and we get, 
based on the Riemann-Lebesgue Lemma, that 

lim [ sin(2n + l)x ( ^ dx = 0. 

0 \ slnx / 


The preceding limit, which can also be calculated by using integration by parts, 
is a particular case of the following version of the celebrated Riemann-Lebesgue 
Lemma: 

If / : [a, b\ R is an integrable function, then 

rb 

lim / /(x)sin(2« + l)xdx = 0. 

Now we are ready to solve the problem. Let e > 0 and let P(x) = *Zk a k xk be 
the polynomial that uniformly approximates /, that is, |/(x) — R(x)| < £ for all 
xe [0,7 t/ 2]. We have 


I 1 ft sin 2 nx , . 1 f f sin 2 nx , . I If? 

- / , 2 /(x)dx— - / . , P{x ) dx < - / 

nJ o sin x n Jo sin x nj o 


-\f(x)-P(x)\dx 


~ £ 2 ^’ 


and in the limit. 


1 fT sin 2 «x , . 1 fi sin 2 nx , . \ 7t 

lim - / = — /(x)dx— lim - / = — R(x)dx < e— . (1.36) 

\n-y°°nj o sinx n-^°°nj o sinx 2 


On the other hand, we have, based on Lemma 1 .9, that 


1 fi sin 2 nx n . 1 [? sin 2 nx ^ A 

lim - / = — R(x)dx= hm - / = — Yaix dx 

n-^°°nJ o sin x «->“ n Jo sin z x yj 1 J 

= Y,a k ( lim - ^ Sm ^V dx 
t V n 2o sinx 


(1.37) 


Combining (1.36) and (1.37), we get that 


lim 


1 ff sin 2 rax . . , 7t I n 
~ — ^-/*)dx-a 0 - <£-. 
nJ o snrx 2 2 


Letting e — >• 0, we obtain, since uq — >■ /(0) , that the desired result follows and the 
problem is solved. 
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1.41. The li mi t equals /(l)/&. Let 

y„ = j* (x + 2 k x 1 + 3 k x 3 + ■■■ + nV) f{x)dx. 

We have, based on Stolz-Cesaro lemma (the °°/°° case), that 

hm 1 /' (x + 2 k x 2 + 3 V + - + n k A f(x)dx = lim y " +1 ~ y " t 
n->°on k J o \ / (n+ l) fc — rr 

= Hm . - * t [\n+l) k x" +1 f(x)dx 

n^-oo (n _|_ 1 j/c _ n K Jq 

( 1 \ fc 1 /-l 

= lim . — -J • lim / (n + l)x" +1 /(*)dx. 

n->~ (n+ 1 )* — n* n->“7o 

It is elementary to prove that, for & > 1, one has 

(n + 1)*- 1 1 

(n+iy-n k ~ k' 

Now we prove that 

lim f 1 nxTf(x)dx=f(l). 

0 

Since / is continuous at 1 we get that for £ > 0, there is 5 £ (0, 1) such that /(l) — 
£ < f ix ) < /(l) + £ for X € (5, 1] . We have 

^ nx n f(x)dx = j\x"f(x)dx + j s nx n f(x)dx. 

On the other hand, 

0 <1 f 5 nx n f(x)dx |< 5 n+1 ■ ——7 ■ ||/|U 
and 

— ~t( 1 - 5 n+1 )(/(l) -£) </' wff(x) dx < -^-(1 - S n+1 )(/(1) + £). 
w+i 

Passing to the limit, as n tends to in the preceding relations, we get that /( 1 ) — £ < 

lim„_> M /q 1 nx"f(x)dx < /(l) + £. Since £ is arbitrary fixed, the result follows. 

For an alternative solution, see [63]. 

1.42. The limit equals /( 1). First, we note that since / is an integrable function, it 
is also bounded; hence, there is M > 0 such that \f(x)\ < M , for all x G [0, 1], Also, 
we note that we have an indeterminate form of type 0 • °° since 


0< 



fix) d* 


[ jdx = M^ 

k=n J 0 K k=n 


1 


^k{k+\) 


M 

n 
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and it follows that 



Now we apply Stolz-Cesaro lemma (the 0/0 case) with 


% = /oXtj) /Wdjt ” d *” = » 


and we have 

1 x* 


Jim n ( ( £ T ) = lim 

Jo w_ n & I n ~^°° 


1 In 


lim fo (ir=»+i *V*) /(*)ds- Jp 1 (ir=»^ A) /(*)d* 

n->~ l/(n + 1) — 1/n 

= lim(n+l) f x n f(x)dx 

n— Jo 
= /(!)• 


For proving the last equality, see the solution of Problem 1.41. 

Remark. One can prove, by the same method, that if p > 0 is a real number and / 
is an integrable function which is continuous at 1, then 


lim n p 




1.43. The limit equals 21n2/(l). Use a method similar to the technique used in the 
previous problem. 

1.44. The limit equals /, s (nf 7 r%, j • Making the substitution x = (y/n a )' /h , we ob- 
tain that 


nb 


f 


/it 

1 + n a xf* 




Xn(y ) = 


1 if y<n a , 
0 if y>n a . 


where 
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Let f n : [0,°°) — > R be the sequence of functions defined by 

1 / 6—1 ( / y \l/b\ 


xM 


and note that lim n ^f n (y) = y l/b '/(l +>’) •/( 0) and f„(y) is bounded by an 
integrable function 

1 / 6-1 

\fn(y)\ < ~Y^\\f\\~ 

It follows, based on Lebesgue Convergence Theorem, that 


lT-l T 


, 1 / 6—1 




=m 


sin n/b 


1.45. The limit equals /( 0) . Without losing the generality, we consider that f(x) > 1 
for all xG [0,1], Otherwise, we replace / by f/m where m = inf^p.i] f( x ) / 0- Let L 
be the value of the limit in question. First, we note that we have an indeterminate 
form of type 1°°. To see this, we prove that 



Let u n : [0, 1 ] — G M be the sequence of functions defined by u„ (x) = g(x) \J f(x n ). 
Let Mf = sup^ojj fix) and M g = sup x6 j 01 ] g(x) and we observe that u n (x) < 
Mg^/Mf < M g sup„ eN y/Mj < oo. It follows that for all n G N and all x G [0,1], 
the sequence ( u n (x )) is bounded. On the other hand, since / is continuous at 0, we 
get that the limit function equals 


u(x) = lim u„(x) 


S(l) ^ *=1, 

g{x) ifjce[0,l). 


Using the Bounded Convergence Theorem, we get that 
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Now we calculate the limit. We have 


L = exp (limn Qf g(x)e" to/ ^dx- lj 
= exp (lim n (jf g(x)e" ln/(jc " ) ck- ^ g(x)dx^ 
= exp (lim g(x) - l) dxj 

= exp f lim [ g(x) ln/(x”)e e "Wcb 

\n-+°°J o 


since 

exp Qln/(*»)) - 1 = ^ ln/(x" ) exp ( 0 n (x) ) , 

where 0 < 0„(x) < (ln/(x"))/n. 

Let h„ : [0, 1] —t K be the sequence of functions defined by 

h n (x)=g(x)\n f(xf ) exp ( 9 n (x) ) . 

We note that 0 < ln/(x") < In Mf, and for large n, i.e., n > no, one has 0 < 0„(x) < 
(In Mf)/n < 1. Thus, for all x G [0,1] and all n > no, we have that \h n (x)\ < e- 
M g In Mf. On the other hand, the limit function equals 


h(x) = lim h n {x) = 


*(l)In/(l) if x=\, 

g(x)ln/(0) if xe [0,1). 


An application of the Bounded Convergence Theorem shows that 

lim [ h„(x)dx= [ ( lim h n (x)] dx = [ (g(x)ln/(0))dx = ln/(0), 
n-^°°Jo JO ) ./o 

and hence L = /( 0) . 

1.46. (a) The limit equals f{Q)^/n/2. We need the following lemma. 
Lemma 1.10. Let p>0be an integer. Then, 


rn/2 

lim y/n sin"xcos p xdx = 
«->“ Jo 



if p = 0, 
if p > L 


Proof. We have that 
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2 r ^»±|±2^ 

and the result follows from Stirling’s formula. 

Now we are ready to solve the problem. Let e > 0 and let P = £/, ai : x k be the 
polynomial that uniformly approximates /, i.e., P(x') — e< f(x) < P(x) + e, for all 
x € [0, 1], It follows that 

/-Jl/2 rJc/2 

yn / sin"x(/ > (cosx) — e)dv < v« / sin"x/(cosx)dx 
Jo Jo 

rnl2 

<-\/n sin”x(.P(cosx) +e)dx. (1.38) 
Jo 

On the other hand, 

rn/2 fn/2 rw/2 

y/n / sin”x(P(cosx) d=e)ck= V a^yfu / sin n xcos k xdx±£\/n / sin”xdjc. 

Jo ^ Jo Jo 


It follows from Lemma 1.10 that 
r*/2 

i \/n , 

n— 


■n/2 


hm yfn I sin"x(/ > (cosx) ± £)dx = ^ a k ( hm y/n J sin"xcos i xdx 

■n/2 

sin”xd x 


= (a 0 ±£)V j • 


(1.39) 


Letting n tend to °° in (1.38) and using (1.39), we get that 

{ao-£)^j^< lim y/rij^ sin”x/(cosx)dx < (a 0 + E)^J^. 

Letting e — > 0 + in the preceding inequality and using that «o = /( 0), we get that 


lim \fn [ sin"x/(cosx)dx = /( 0) < 
n^°° Jo V 2 


(b) The limit equals g (|) . Let / : [0, 1] — >• R be the function defined by f(x) = 
g(arccosx). We have, based on part (a), that the limit equals 


|/(°) = ]f^8i arccosO) = g (|) . 


For an alternative solution, see [137]. 
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Remark. More generally, one can prove that if / : [0 ,tt/2] — > R is a bounded 
function such that lim^^/a f{x) = L, then 


lim 


f K/2 


sm n xf(x)dx = L- sJn/2. 


1.47. The limit equals M = su Pjce[afe] f(x). We have j^f n+ '(x)dx < M f* f n (x)dx, 
and hence 


Ja h f n (x)dx ~ 

On the other hand, we have, based on Holder’s inequality, 6 7 with p 
q = n+ 1, that 


(1.40) 
(n + l)/n and 


rb / rb \ »/(«+!) / rb tVM 

j a f n (x)dx< U f n+ '(x)dxj • U dx ) 


and hence, 


" + Vb^a V f*Mx)dx 


(1.41) 


Letting n tend to °o in (1.41) and using that ]im„_ >C o y f n (x)dx = M 1 we get that 
M< 

I.: 

which combined with (1.40) solves the problem. 


6 Holder’s inequality states that if p > 1 and are positive real numbers such that l/p+l/q = 1 
and / and g are functions defined on [a,b\, then 

rb f rb \ l /P f rb \ V? 

j a |/(*)g(*)|dx< U \f{x)\ p dx) |g«fd*J . 

Equality holds if and only if A\f(x)\ p =B\g{x)\ q for all x 6 [a,b\. 

7 This is also the topic of a classical problem of Polya and Szego [104, Problem 198, p. 78]. It is 
worth mentioning that another closely related problem states that if / : [a,b] — > M is integrable, 
then the function g : [!,«>) — > R defined by 


is monotone increasing. 


1.6 Solutions 


67 


Remark. It is worth mentioning that this problem is a particular case of a problem of 
Polya and Szego [104, Problem 199, p. 78]. However, the solution, which is based 
on an application of Holder’s inequality, is different than the solution from Polya 
and Szego. For a more general problem, see also [112, Problem 23, p. 74], 


1.48. The limit equals ||/||=o • ln||/||„. We have 


n (J J* /"+ 1 (x)dx- ^£>(x)ckj 

= n ^exp ^ - In J f n+] (x)ck^ — exp ^ - In J f n (jc)ck 


= ln 

Jaf n ( x ) d* 


exp(0„), 


where the last equality follows based on Lagrange’s Mean Value Theorem applied to 
the exponential function and G n is between In y f n+] (x)dx and In y / f n (x) dx. 
This implies that lim„^oo 0 n = ln||/'||oo and the solution is completed based on 
Problem 1.47. 


Remark. Similarly, one can prove that if / : [a, b) — > [0, °°) is a continuous function, 
then 



1.49. and 1.50. The solutions of these two problems are given in [1], 

1.51. Let M = ||/'||oo. If M = 0 the equality to prove follows by triviality, so we 
consider the case when M > 0. We have \J /q 1 f(x)f(x 2 ) ■ ■ ■ f(x 11 ) dx < M. 

Thus, it suffices to prove that 


— vi) 1 /w/(x2) " ' /(x " )ck - M - 

First we consider the case when / attains its maximum at 1, i.e., M = /( 1). 
Let 0 <e<M. Using the continuity of / at 1 , we get that there is 5 = 5(e) > 0 such 
that M — e < f(x) < M for 8 < x < 1. Since the functions x — > f(x! c ), k= 1 
also attain their maximum at 1, we have that M — e < f(x/ c ) < M for V8 < x < 1. 
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On the other hand, since 8 < 1 and 5 < VS < ■ ■ ■ < \/5, we have that for all k = 
1 one has M— e < /(x*) < M, for \f8 <x< 1. Thus, 

[ f(x)f(x 2 ) ••./(*"> dx > • • • /(*")<* > (M - e)” (l - Vs ) , 


and it follows that 


£ /(x)/(x 2 ) ■ ■ • /(**) dx > (M - e) ^1-^5. 

Using that ]im„_ >C o >/ 1 — = 1 , we get that lim J ( ] f(x)f(x 2 )- ■ ■ f(x n )dx >M — 

e, and since e was arbitrary taken the result follows. 

Now we consider the case when / attains its maximum at 0, i.e., M = /( 0). Let 
0 < e < /(0) be fixed. Using the continuity of / at 0 we get that there is 5 > 0 
such that 0 < /( 0) — e < f(x) < /( 0) for all 0 < x < 8. Since x k < x for k G N and 
x G (0, 5), one has that /(x*) > /( 0) — £ > 0. We have 




f(x)f(x 2 )---f(x n )dx. 


It follows, based on Bernoulli’s Integral Inequality, that 


(1.42) 


]j f Q S f(x)f(x 2 ) ■ ■ -/(x«)dx > 8 l n~ l J* <Jf(x)f(x 2 ) ■ ■ ■ /(*") dx. 


Combining (1.42) and (1.43), we obtain that 


\jj Q /(x)/(x 2 )---/(x")dx>5^ 1 -jT ^/(x)/(x 2 )---/(x«) dx. 
We prove that 


(1.43) 


(1.44) 


] ™lj 0 \/f(, x )f(, x2 )---f( xn ) dx = 8 -f( 0 )- (!-45) 

Let 

hn(x) = tff(x)f(x 2 )---f(x"), X G (0,5), 

and let v be the constant function v(x) = M = /( 0). Then /i„(x) < v(x) for all x G 
(0, 5). On the other hand. In h n (x) = £ Y!l=\ ^/(x*), and note that In is well defined 
since /(x*) > 0 for x G (0, 8). It follows, based on Stolz-Cesaro lemma (the °°/°° 
case), that 
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Thus, lim n _>oo h n (x) = /( 0), and equality (1.45) follows based on Lebesgue Conver- 
gence Theorem. Combining (1.44) and (1.45), we obtain that 



(b) The second part of the problem can be solved by using a similar technique. 
Remark. The problem was motivated by an exercise in classical analysis which 
states that if / is continuous on [ a,b ], then hm,i->~ ( f a \f(x)\ n dx J = ||/|| M (see 
[104, Problem 198, p. 78]). 

1.52. The limit equals L/f'(b). Without losing the generality we assume that L > 0. 
Let e > 0 be such that 0 < £ < min {L,f'(b)}. Since lim ( ^ 6 - g{x) = L, we have that 
there exists 5i > 0 such that 

L— £ < g(x) < L+e, b — 8i<x<b. (1.46) 

On the other hand, we have, based on the differentiability of / at b, that there is 
§2 > 0 such that 


b-x 


~f\b) 


< 


b— &2 < x < b, 


from which it follows that 

l-(b-x)(e+/(b))<f{x)<l-(b-x){f\b)-e), b- 82 <x<b. 

Let 8 =min{5i,§2,2/(£-|- f'{b)),2/(f'{b) — £)}. It follows that for b— 8 <x<b, 
one has 


[l-(b-x){E + f'{b))] n <nx)<[\-{b-x){f'{b)-E)\ n . (1.47) 

We have, based on (1.46) and (1.47), that for b — 5 <x<b, one has 

(L- £) [1 - (b-x)(e+f'(b))] n < f n (x)g(x) < (L+e) [1 - (b-x)(/(b) - £)]" . 

(1.48) 

We have 

n j* f (x)g(x)6x = nJ* S f n (x)g(x)dx + n f (x)g(x)dx. 

On the other hand, 

0<| nj* 5 f n {x)g(x)dx\<nM J* & f n (x)Ax < nMf\b - 5), 


(1.49) 
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where M = sup^g^ j,] |g(;c)|. It follows, since 0 < f{b — 8) < 1, that nf n (b — 

8) = 0, and hence 

rb—8 

limn/ f n (x)g(x) dx = 0. (1.50) 

Ja 


We have, based on (1.48), that 

(L—e)n f b [l-(b-x)(e+f(b))] n dx<n f f n (x)g(x)dx 
J b—8 Jb—8 

< (L+e)n [ b [l-( b -x)(f(b)-e)] H d*. 
Jb—8 


Thus, 


n [1 -(b-x)(e + f(b))] n+1 \ b 
3§fl e+f(b) \ b _ 




f(x)g(x)dx<(L+s)—- 

' —8 Wt 1 


[1 -(b-x)(f(b)-e)} 

f'(b)-£ 


and hence, 

( „ +lx ; w -.) {i- Mu-w-or}- 


We have based on the definition of 5 that —1 < 1 — 8(e+ f'(b)) < 1 and — 1 < 
1 — 8(f'(b) — e) < 1, from which it follows that lim„^oo [1 — 8 (e + f (b))] n+l = 0 
and lim„_>«, [1 — 8{f'(b) — e)]” +t = 0. Letting n — > °° in the preceding inequalities 
we get that 


L-e 

e+f'{b) 


rb 

< limn / f n (x)g{x)dx < 
«->“ Jb-8 


L + e 

f'(P) — £ 


(1.51) 


We have, based on (1.49)-(1.51), that 


L-e 

£+f(b) 


rb 

; lim n f n (x)g(x)dx< 

«->“ Ja 


L-\- £ 

Hb)-£' 


and since e was arbitrary taken, the result follows. 

Remark. If / and g are both continuous then, the integral f n (x)g(x)dx exists for 
each positive integer n. However, we give below a counterexample (see [6, p. 96]) 
when the integral fails to exist for suitable functions / and g. Let f(x) = x and let 
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! -i ifxe [ 0 , 1 / 2 ] n<Q>, 
l ifxe [0, 1/2] \Q, 

o ifxe (1/2,1], 

Then, for each n, the integral f ( ] f"(x)g(x)dx is not Riemann integrable. 

Next, let /(x) = x and g(x') = (1 — %,\ (x) ) (x — 1) where A is a nonmeasurable 
subset of [0, 1] and Xa is the characteristic function of A. Then g is nonmeasurable 
and hence f n g is nonmeasurable. 

1.53. The limit equals 

/V (1)_1 g(x) dx. 

Jo 

LetO < £ < min{l,/'(l)}. It follows, based on the differentiability of / at 1, that 
there is 8 > 0 such that 1 — (1 — x)(/'(l) +e) < /(x) < 1 — (1 — x)(/'(l) — e) for 
1 5 < x < 1 . We observe that this condition implies that /'(l) >0 and /(x) < 1 

for all x < 1. We have, based on the substitution x" = y, that 

n Io f n ( x )si^ , ) dx = J f n {</y)y”~ x g{y)^y- 

Let M = sup^p ij |g(x)|. We have 

n f{x)g{xJ l )Ax = f n {^y)yr l g(y)Ay 

= J o f n (</y)y"~ 1 g(y)dy+ J e /"(v^Or -1 ^ »dy 

= In+Jn- 


On the other hand, 

tn = f o e f n my^g(y)dy^= y n f o £ f n (x)g(x n )dx. 

It follows, since e" < £, that 

141 =1 n [ £ /" (x)g(x")dx I < n • M [* f n (x)dx<n-M [* f n (x)dx < M- nf n (e). 
\ Jo | Jo Jo 

We get, since f(e') < 1, that lim„_ > „n/"(£) = 0, and hence lim„_ >0 o l„ = 0. 

Let h n : [e, 1] — > R he the sequence of functions defined by 

hn(y) = f n my-- 1 g(y). 
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We have, since 0 < f(x) < 1, that | h n (y)\ < M/e for y e [e, 1] and n G N. We cal- 
culate the limit function h{y) = \\m n ^^h n (y). We note that h{ 1) = lim n _ >00 lt n (l) = 
g(l). For y G [e, 1), we have that 

Km -- 1 »-t 

A-(y) = (1 +/(^0 - = r W " 1 I 8(y)y*~ l . 


It follows, since lim^o ln(l + x)/x= 1, that 


lim 


/(tfO-i 




Also, lim„_ >0 o n(tfy— 1) = lny, for y g [e, 1). On the other hand, we have, based on 
the differentiability of / at 1, that 


lim 


n</y)~ 1 


= /'(!)• 


Combining the preceding limits, we get that 


h(y) = lim h n (y) = lim e ^ _1 g(y)y" _1 

n— n->°° 

= e w\mny y -i g{y)=y m-i g{y) _ 


It follows from the Bounded Convergence Theorem that 

lim J n = lim J h n (y)dy = J ^ lim h n (y)^ dv = J x^^~ 1 g(x)dx. 


lim n [' f n (x)g(x n )dx= lim (/„+/„)= C x f '^~ l g{x) dx, 

JO Je 

and since e is arbitrary the result follows. 

Remark 1. If the condition /'(l) ^ 0 is not satisfied, then lim„_ >00 n fj f n (x)g(x n )dx 
need not be finite. To see this, let f(x) = 2x — x 2 and g(x) = 1. The function / is 
increasing, with /( 1) = 1 and f ( 1 ) = 0. However, in this case one can prove that 
nf,}( 2x-x 2 ) n dx = °°. 

Remark 2. When g{x) = 1, one has that 


1.54. The limit equals /(0)T(1 + \/k ) . We record below the solution due to Chip 
Curtis (see [30]). Using the substitution t = y/Jfn, we obtain that 
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7jf X m dt = r r " f(y,Vn) dy = r fiy/Vn) Xn(y) dy, 
Jo (1+1*)” Jo (!+//«)" Jo ( 1 +y k /n) n 


where 


z«(y) = 


Let/* : [ 0 ,- 


1 if y < xlfh, 

0 if y > xtyn. 
i be the sequence of functions defined by 


am = t rrJrW-w- 

(1 +y K /n) 


We have, based on the continuity of / at 0, that lim„_ >00 / n (y) = /(0)e - . Also, /„ 
is bounded by an integrable function, namely, 


/(y/ffi) 

(1+yVn) 1 


JiXn(y) < 


M 


M 


l+y k /n) n l+y fc ’ 


where M = sup je>0 |/(jc}|- Now the result follows from Lebesgue Convergence 
Theorem, since 

lim [~ ({^ffln Xniy) dy= lim [°° f n (y) dy 
o (l+y'yn) 


= [ f(0)e ^dy 
Jo 


=/<o)r^i + jJ. 

1.55. The solution is given in [49]. 

1.56. The limit equals 2T(1 + 1 /k)h(x). We have, by making the substitution t = 
—z, in the first integral, that 



h{x + t)e~ nt dt 


r 0 

= Vn 

h{x+t)e~ ntk dt + 

\fn f h(x + t)e n,k & t 
Jo 

= Vn r 

h(x— z)e~ n ^dz + 

!fn r h(x + t)e- n ‘ k dt 

Jo 


Jo 

-yy 
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Let/„(tt) = {h{x+y/^) +h(x— y/jj)) e l, u k *. We have that lim n _ >00 / n (w) = 
2h(x)e~ u u ^~ 1 . Also, |/„(m)| < 2sup Jt:eR |/i(x)|e ~ M «* _1 , which is integrable over 
(0,°°). It follows from Lebesgue Convergence Theorem that 


lunl„=^j 2 h(x)e U u* 1 du = 2h{x)^T = 2h{x)T + ^j . 

1.57. The limit equals T (1 + \/k ) . Using the substitution x k = y we have that 



One can check (see [133, p. 242]) that 0 < e x — (l—x/n) n <x 2 e x /n, for 0 < x < 
n. Thus, 

- r e-y l k ~ l dy-- f n e- y y^ k dy<l n <l [" e^y'^dy. 

k Jo kn Jo ' k Jo 

Passing to the limit, as n — > in the preceding inequalities, the result follows. 

1.58. The limit equals k\/2 k+l . We have, by the substitution (1 —x)/{\ +x) =y, that 


1 — x 
T+x 


x k dx = 2 n k+ 


ff{\-y) k 

Jo 


d y 

(1 +y) k+2 


= 2rf 


1 /V/( »dy, 

Jo 


where 

( 1 - y) k 

/W=(b#i- 

We observe that 

/(l) = /'(l) = --- =/ (fc - 1) (l) =0. (1.52) 

We calculate the integral fdy"f(y)dy by parts, k times, and we get, based on 
(1.52), that 


/ y n f(y)dy= . n ' 
Jo (n + l)(n 


(-1)" 


(n+ l)(n + 2)---(n + k) 
and one more integration implies that Jq 1 y"f(y)dy equals 


['y n+k f ik) (y)dy, 

Jo 


(-l) k 


f / ( ) (y) I \ [ yt+fc+ly(*+l)^ d ^ 

k) + & + 1 | 0 n + k+lJo* J 

f y n+k+1 A k+l '> (y) dv. 

(n+ l)(n + 2)---(n + k+ 1) Jo y 


(n + 1) (ra + 2) • • • (n + &) 

(-i)¥ fe) (i) 


(n+ l)(n + 2) • (n + k+ 1 

H)* +1 
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It follows that 

lim 2n k+l [ 1 y n f(y)dy={-l) k -2- /« ( 1 ) , 

since 

lim [ 1 y n+k+l fV c+1 \y)dy = 0, 
n~^°°J 0 

y(*+t) being continuous and hence bounded. Using Leibniz’s formula we get that 
/(*)(!) = (-\) k -k\/2 k+2 , and the problem is solved. 

Remark. This problem, proposed by the author of this book, was given as Problem 
4 to SEEMOUS 2012, Blagoevgrad, Bulgaria. 

1.59. We prove that l = /“ f(x') /xdx. Making the substitution x" = y, we get that 






Let L = lim*-^ x a f{x ) . For e > 0, there exists 5 = 5 (e) > 1 such that for y > <5 
one has \f(y)y a —L\ < E. It follows that |/(y)| < (e + |L|)/y“ fory > 5. Since for 
large n, a n > 8, we get that 




d y 


e + \L\ 


-yi+a-i/n (a—\/n)a. na 


and hence, 


lim f ^-yndy = 0 and lim n[ — 

n->°°Ja n y J a n y 


-y n dy = 0. 


(1.53) 


On the other hand, 


r^ = m^ + r% 

it y J i y Js y 

Since / is continuous and f n (y) = s ®-y" —7 Or- we get, by the Bounded Conver- 
gence Theorem, that 


lim I s m y u y= [ s 

»-Wi y J 1 y 


(1.54) 


Let f n {y) = ^p-y' n ■ for y > 5, and we note that for large n (i.e., n > 2/a), we 
have 


|/„(y)|<( £ +|L|). 


v 1 /" 


- — ( £ + W) ■ 


1 1 < £ + l^l 

y a/ 2+1 ya/2-l/n ~ y a/ 2+1 ' 
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Since the function y — > l/y a / 2+1 is integrable over (5,°°), we get, based on the 
Lebesgue Convergence Theorem, that 


lim [ ^yUy= (°° J -^dy. 

y Js 


r fiy) 
Js y 

Combining (1.54) and (1.55), we get that 

‘fiy). ij.._ r f{y) 


lim r%= r ™ 

y Jl y 


dy. 


(1.55) 


(1.56) 


From (1.53) and (1.56), we get that the first part of the problem is solved. 
The second limit equals /“ (/(>’) lny) /ydy. A calculation shows that 


We have 


We note that, for y > 1 fixed, the function x — > (y* — l)/x increases on (0,°°) and 
this implies that the sequence (y 1 /, ' ! — 1 )/ 1 /« decreases as n increases. 

Let u n (y ) = for y e (1,5) and note that \im n ^u n (y) = f(y) In y/y. 

The continuity of / implies that 

I fiy) I y 1/n -i 


My)l < 


y 


17 < |/(y)|(y-i)< (5-1) sup |/(y)|, 

] / n ye [1,5] 


and we get, based on the Bounded Convergence Theorem, that 

(yl - l)d y=j‘ M l„,d,. (1.57) 

Now we consider the sequence ( u„(y )) when y > 5. Let «o be such that «o > 1 /oc, 
and we note that for n >n 0 , one has (y 1 /" — l)/l/n < (y 1 / ' ! ° — l)/l/«o- This implies 
that 


k(y) I = 


/M.y / "-i|^i+W./7Lil =no(e+|L|; 


l/» 


l/«0 


1 1 

^1+a-l/no y«+l 


Since the function y -A l/y 1+a 1 /"° — l/y“ +1 is integrable over (5,°°), we get, 
based on the Lebesgue Convergence Theorem, that 




J { SL n [-fi yi -') iy = f 


'fiy) 


lnydy. 


(1.58) 
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Combining (1.57) and (1.58), we get that 

rffl k d 

71 y V / 7l y 

Remark. The existence of lim*-><» *“/(*) implies the convergence of the two 
improper integrals 

and [~M Inxdx 
71 X J IX 

1 . 60 . First we note that /( 0) = 1. Since any integrable function is bounded, we get 
that there are two real numbers, m and M, such that m < (In /(*))/* < M, for all 
x G [0, 1] . It follows that exp(mx) < f(x) < exp (Mx ) , and this implies that /( 0) = 1 . 

On the other hand, we note that we have an indeterminate form of type 0 • °°. 
We have 


0 < a = inf exp(mx) < f(x') < exp (Mx) < sup exp(Mv) = b, 

Wftfl xe[o,i] 


which implies that j/a < {/ fix " ) < \/b. This shows that 

lim [ {/ f(x n )g(x)Ax = [ g(*)dx 
0 70 


We have, based on the substitution x n = y, that 



= nJ o (VfF)-V7Wj)g(y")y" ’dy 

= nf o (expQln/fr)) -expQln/(0)^g^y»jy" -1 dy 


= J q (ln/(y) - ln/(O))exp(0„(y))g (y'^y- 1 dy 

= L ln y > ^ exp ( 9 «(y))^ (y") y"dy, 


where the last equality follows based on Lagrange’s Mean Value Theorem applied 
to the function* —y exp(x) and 0 n (y) is between ^ ln/(y) and ln/(0) = 0. We note 
that for all y e [0,1] one has that lim„_>„, d n (y) = 0. 

Let /„ : [0, 1] — > R be the sequence of functions defined by 


f n (y ) = ^M eX p(e n (y))g(y^)y^ 
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and we note that the limit function equals 

f(y) = My) = #0 ) , ye (o,i]. 

On the other hand, 

\fn{y)\ <1 I •|exp(0„(y))|-|^(y")| <exp(l)- sup |g(x)|- I I . 

I y I *e[o,i] I y I 

Here, we used the fact that, for large n 

|0«(y)| < -|ln/(y)| < 1 • sup | ln/(y)| < 1. 

n n jce[0,i] 

It follows, based on Lebesgue Convergence Theorem, that 

lim f ^^exp(e„(y))gfy")y»dy = g(l) f ^^ dy, 

o y v / Jo y 

and the problem is solved. 

Remark. It is worth mentioning that if / is a function such that (ln/(x))/x £ 
l) [0,1], then 



1.61. Follow the technique from the solution of Problem 1.60. 
1.63. (a) We have that 


n [ ' f(x n )g(x)dx = f M g ^/ny/n d 

Jo Jo y 

Let l = lim ;c _ >0 + f(x)/x and let e > 0. Then |/(x)/x| < e+ |Z|, for x £ [0,5). 
On the other hand, |/(x) /x| < ||/|| M /5, for x £ [5,1]. This implies that |/(x) /x| < 
max{|/| +£,11/11^/5} =Mi. Let 

M g ( y i/ n y /n if ye (0,1], 

0 if y = 0. 


K(y) = 
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We used the fact that 

h n { 0) = lim h n {y) = lim ^-g(y l/n )y l/n = l • 0- g(0) = 0. 
y-> 0 + y-H)+ y 

We calculate the limit function and we get that 

,,, i) if ye (o,i], 

h{y) = l y 

( 0 if y = 0. 

Since \h n (y)\ < M\ ■ ||g|| TO , the result follows in view of the Bounded Convergence 
Theorem. 

(b) The limit equals /(l)/g(l). Use part (a) of the problem. 

1.64. Making the substitution x" = y, we get that 

n [ 1 x n f( x ")g(x)dx= [' y l / n f(y)g(y l/n )dy. 

Jo Jo 

Let h n : [0, 1] — > R be the sequence of functions defined by h n (x) = x 1 ' a f(x)g{x l / n ). 
We have, since / and g are continuous functions, that the sequence (h n ) n eN is 
uniformly bounded, i.e., there is M > 0 such that \h n (x)\ < M for all n e N and all 
x G [0, 1] . On the other hand, a calculation shows that the limit function is given by 

[/(*)*(!) if xe (0,1), 
h(x) = Jim h n (x) = < 0 if x = 0, 

[f(l)g(l) if x=l. 

It follows from the Bounded Convergence Theorem that 
limn J x"/(x")g(x) dx=lim J h„(x) dx= J ^lim /i„(x)j dx = g(l) J /(x)dx. 
Let 

x n = n (n£x”f(x n )g(x)dx-g(l)J o l f(x)dx^ 

= njj{x)(x l l n g{x l l n )-g{ l))dx. 

We integrate by parts, with 

u(x) =x 1 / n g(x 1 / n )-g(l), u'(x) = (l/n)x 1 /" _1 g(x 1,/ ") + (l/n)x 2 /" _1 g'(x 1 /"), 

v'(x) =/(x), v(x) = gf(t)dt, 
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and we get that 


x n =n[x l / n g(x l / n )-g(l)] J* _ 

- [ X ^h ww n )] dx 

=~ Jo VV n ) dx. 

Let v„ : [0, 1] — > R be the sequence of functions defined by 

v.W = [W"s(W")+^V (^")] ■ 

We note that | Jq f(t)dt\ < J ( f |/(f)|df < xsup xe [ 0 /i] |/(x)|, and it follows that (v„) is 
uniformly bounded, i.e., there is A > 0 such that |v n (x)| < A for all n 6 N and all 
x 6 [0, 1] . A calculation shows that the limit function equals 

f(*(l) + *'(!))’ if x 6(0,1), 
v(x) = fim v„(x) = < 0 if x = 0, 

U(l) + ^(l))/o/(*)dx if x=l. 

It follows from the Bounded Convergence Theorem that 

limn^n J x"/(x”)g(x)dx — g(l) J /(x)dx^ = lim — J v n (x)dx 

= -jT 1 (Hmv B (x))dx = -(g(l) +*'(!)) jyil^Ax. 

1.65. (a) Use the e — 8 definition of lim XH>M /(x) and the fact that a J 0 °° e~ m dt = 1 . 
(b) We need the following lemma. 

Lemma 1.11. Let a be a positive real number and let f : (0, °°) — > M be a locally 
integrable function such that lim (4 „ /'(f) = L. Then, 

lim p [ f(t)at a ~ 1 e~ ptC ‘dt = L. 

p-> o+ Jo 


Proof. First we note that / 0 °° pat a ~ l e ~ p,a df = 1 . Let e > 0 be fixed. We have, since 
lim t -y«,f(t) = L, that there is 8 = S(e,t) > 0 such that |/(f) — L\ < e for all t > 8. 
Thus, 
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| j~ f(t)pat a - l e- pta dt-L | =| j~(f{t)-L)pat a - l e~ p,a dt | 

< [ \f(t)-L\pou a - l e- p,a dt 

Jo 

= [ S \f(t)-L\pat a - l e- pta dt 

Jo 

+ r\f{t)-L\pm a ~'e- pta dt 

J 8 

< pa J* |/(f) - L|t“ _1 df + e pat a -' e - p,a At 

fS 

<pa \f(t)-L\t a ! df + e. 

Jo 

On the other hand, / is a locally integrable function, so we get, since any 
integrable function is also bounded, that there is M = M(8) such that |/(f)| < M 
for all t 6 [0, 5] . It follows that 

I f f{t)pat a ~ l e~ p ‘ a At — L \< pa(M + \L\) [* t a ~ l At + e = p(M+\l\)8 a + £. 

| Jo | Jo 

Letting p 0 + in the preceding inequality, we obtain that 

lim [ f(t)pat a ~ l e~ pt<x At — L < e. 
o+ | Jo 

Since £ is arbitrary the result follows and the lemma is proved. 

Now we are ready to solve the problem. Integrating by parts we obtain that 

j~g(t)e- pta At = e~ pta J* g(s) As | +pa j~ e^t^At 

= pa J g(s)As S je~ ptC ‘t a ~ x At. 

We have, based on Lemma 1.11, with /(f) = /q g(.y)d.v, that 
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Remark. We mention that this problem, which may be of independent interest for 
the reader, is used for studying the behavior of special integrals that are connected 
to various topics of Fourier analysis and wavelets such as the method of stationary 
phase (see [102, Proposition 2.7.4, p. 167]). 

1.66. We need the following lemma. 

Lemma 1.12. The following equality holds 

[\l-f‘) n dx=-B(n+l,- S ) and lim -xT) n dx = 1, 

Jo n \ nj n-Wo 

where B denotes the Beta function. 

Proof. The lemma can be proved by using the substitution xT = y and the definition 
of the Beta function. 


Let M = sup x6 pj] |/(jt)|, which exists since any integrable function is bounded. 
We have 

I [\l-x n ) n f(x)dx- [ l f(x)dx\<M / 1 (l-(l-x n )")dx. (1.59) 

| Jo Jo I Jo 

Letting n tend to °° in the preceding inequality, we get, based on the lemma, that the 
first part of the problem is solved. To show that the second limit equals 0, it suffices 
to prove, based on (1.59), that 

lim n a 1 — (1— x")")ck = 0. 

»->“ Jo 

We have 


I„ = 


n a Z" 1 (1 — (1 — x ,l ) n )dx = n a 
Jo 


r (w+l)r(l + l/n) \ 
T(n+ 1 + 1/n) ) 


1 - 


r (l + V«) 

Ifn 


1 yfn — T(l + l/n) 

Ifh ~rr°- 


where the approximation holds based on Stirling’s formula, Tin + 1 )/T(n+ 1 + 
1 /n) ~ u -1 /". A calculation, based on THopital’s rule, shows that when a G (0, 1), 
one has that lim = 0. 

1.67. Let h n : [0, 1] —)■ 7? be given by h n (x) = f{x n )g{x). Since / and g are continuous 
functions, we get that h n is bounded, i.e., \h„(x)\ < M for all n and x £ [0, 1]. Let 
h{x) = ]im„^ M h n ( x ) be the limit function. A calculation shows that h(x) = f(0)g(x) 
for x £ [0,1) and h( 1) = /(l)g(l). It follows from the Bounded Convergence 
Theorem that 


lim [ l f(x n )g(x)dx= lim f 1 h n (x)dx= C h(x)dx = f(<S) C g(x) dbc. 
Jo o Jo Jo 
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1.68. The limit equals 0. Let h n : [0, 1] x [0, 1] — > R be the sequence of functions 
defined by h n (x,y) = (x — y) n f(x,y). A calculation shows that the limit function 
equals 


r /(i,o) if (*oo = (i,o), 

h(x,y) = 0 if x,y 6 (0,1), 

[undefined if (jt,y) = (0, 1), 
i.e., h„ — > 0 a.e. Also, we have, since |x — y| < 1, that 

\h n (x,y)\<\x-y\ n \f(x,y)\<\f(x,y)\. 

Using Lebesgue Convergence Theorem one has that 

lim f 1 [\x-y) n f(x,y)dxdy = lim [' C h n {x,y)dxdy = C [' h{x,y)dbcdy = 0. 
0 JO n-^ooj o ,/o J 0 J 0 


1.6.3 Non-standard Limits 


On earth there is nothing great but man; in man there is nothing 
great but mind. 


Sir William Rowan Hamilton (1805-1865) 


1.69. See [48]. 

1.70. We need the following lemma. 

Lemma 1.13. Let k and l be two nonnegative integers. Then, 

1 


lim / |-)Vdx=- 
UJ ( 


' (k+m+iy 

Proof. Using the substitution n/x = ywe get that 


r 


-~n‘ +i f't k ( £■ . \ l+ ? \dt. 

Jo \fl n {p + t ) l+2 ) 
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We have, based on Stolz-Cesaro lemma (the 0/0 case), that for t £ [0, 1], one has 

Y°° v /' 

» (ppjij 


lim n l+l T t * = lim - 

«-> “ TT n {p + t) l+z n - 


= lim 


V" 1 y“ 1 

^p=n+ 1 (p+f)<+ 2 Lp=n (p +f y+2 

1 1 

(«+l) ,+1 n ,+1 


(?+n) H 


(n ; 1) i • 1 n 1 • 1 


1 

: 7TT' 


Let h„ : [0, 1] -4 M be the sequence of functions defined by 


and we note that the limit function equals h(t) = lim„_ >M h„(t) = 1/(1 + 1) and 
h n (t) < n l+1 X p =tl 1 / P l+1 - Thus, the sequence ( h n (t )) is bounded for all n £ N and 
all t £ [0,1] since lim„^n ,+ l Y/ =n 1 / p l+2 = 1/(1 + /). It follows, in view of the 
Bounded Convergence Theorem, that 


lim /„ = 

n-> ~ 



s 


C p+t ) l+2 


d t= - — -df = 

Jo 1 + 1 


1 

(*+l)(/+l)’ 


and the lemma is proved. 

Now we are ready to solve part (a) of the problem. Let e > 0 and let P and Q 
be the polynomials that uniformly approximate / and g, i.e., | f(x) — P{x)\ < e and 
|g(x) - Q(x)\ < e for all x £ [0, 1], We have that 


It follows that 

/,' / ({ i })««*- i' p ({ i }) ew* k e i*wi* 


+ e 


P 


dx < eM g + £(e+Mf ) 


(1.60) 
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where the last inequality follows from the fact that |/ J j < \P — f\ + |/|, and Mf = 
su Pjce[o,i] I/Ml and M g = sup x6[01] |g(x)|. Let P(x) = and let Q(x) = 

X[=o bix 1 . We have, based on the lemma, that 

i T- j/O Q(x)dx =%%? lb, l i ?-f„ {;} 1/<b: 

_ -\p ■y' a k^l 

_ i=oiiO+ 0/+ 1 ) 

= f 1 P{x)dx f l Q{x)dx. (1.61) 

Jo JO 

Letting a — > °o in (1.60), we get, based on (1.61), that 

| lim jT 1 / ({ ^ }) #0)d* - ^ P(x )dx£ Q(x) dx | <sM g + e(e + M f ). (1 .62) 

On the other hand, when £-i0, one has 

[ P(x) dx-> [ f{x)dx and [ Q(x) 6x^ [ g(x) 6x. (1.63) 

Jo Jo Jo Jo 

Letting e converge to 0 in (1.62), we get, based on (1.63), that 

lim£f({^})g(x)dx = £f(x)dxj\(x)dx, 
and part (a) of the problem is solved. 

(b) To solve this part of the problem we use a different technique. We have, with 
the substitution n/x = y, that 

dy r 1 




Thus, 


Let te [0,1] and let 

g " (t)= 3n(*+W 


and h n (t) = n(ng n (t) - 1). 


1 


Special Limits 


It is easy to prove that for all t G [0, 1], we have 


and 



< ngn(t ) < n 


n - 1 

I 



< h n (t) < n 




It follows that lim n _> M ng„(f) = 1 and the sequence (h„(t)) ne m is bounded (why?). 

We prove that, for t e [0, 1], we have \\m n ^h n {t) = (1 — 2t)/2. Using Stolz- 
Cesaro lemma (the 0/0 case) we have that 


/= lim h„(t) 

n->°° 


lim {n+\)gn+\{t)-ng n {t) 

l/(n+l)— 1/n 

- Um ■ n(n + l)(n(g n+l (t) - g n (t )) + g„ +i (t)) 

- ton ((0 + !)Sn+l(0 - 1) - 8n+l{t) + 

- lim h n+ i(t) + hm ng n+[ (t) - 2 1 


= -l+l-2t. 


Now, the result follows from the Lebesgue Convergence Theorem. 

For an alternative solution of part (a), see [129]. 

Remark. It is worth mentioning that this result holds in greater generality (see [67]). 
More precisely, if ]3 : R — > M is a bounded measurable function that is periodic with 
period 1, so that J3 satisfies j3(z+ 1) = j3(z), and if g € L l ([0, 1]), then 

lim / p(-)g(x)dx= [ /3(z)dz f g(x)dx. 

0 \Xl Jo Jo 


1.71. Before we give the solution to this problem, we need some auxiliary results. 

Lemma 1.14. Let n be an integer and let k and m be two nonnegative integers. 
Then, 



nP 

k + m — p+ 1' 


1.6 Solutions 
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Proof. We have 


f'A wrv =" J\n + ,fr d, = { (i «. 

-ttysy^-u 


iTn \pj k+m-p + Y 


Lemma 1.15. Let k,m be two nonnegative integers. Then, 

1 


lim [ x k ({nx}) m dx = 
n->°°Jo 


(k+l)(m+ 1) 


= /v 6x r 

Jo Jo 


xf'da. 


Proof. Using the substitution nx = ywe get that 

Jf(lnx}) m dx= 

We have, based on Stolz-Cesaro lemma (the °°/°° case) combined with 
Lemma 1.14, that 


lim / x*'({nx}) m cLt = lim — j—r [ y k ({y}) m dy = lim 
n->°°Jo »->»r + ‘Jo «->“ 


= lim - 


/; +1 /({y}) m dy 
(n+\) k+l — n k+l 

1 


(n + l) fc+1 — n k+1 (k+ \){m + 1) ’ 

Lemma 1.16. Let f,g : [0, l]->16e two continuous functions. Then, 

i™,/ f( x ')s({nx})dx = J o f{x)dxJ o g(x)dx. 

Proof. Let e > 0 and let P and Q be the polynomials that uniformly approximate / 
and g, i.e., \f(x) — P[x)\ < e and \g(x) — Q(x ) | < £ for all x G [0, 1], We have 

[ f{x)g{{nx})dx = j (. f{x)-P(x))g{{nx})dx 

Jo Jo 

+ [ l P(x)(g({nx})-Q({nx}))dx+ [' P(x)Q({nx})dx. 

Jo Jo 

(1.64) 

On the other hand, 

I [\f(x)-P(x))g({nx})dx\< [ l \f(x)~P(x)\\g({nx})\dx<£M g , 

I Jo \ Jo 
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where M g = sup^p ,j |g(jt)|. It follows 

- eM g < jf (f(x)-P(x))g({nx})dx < eM g . (1.65) 

Also, 

| £ P(x)(g({nx}) - Q({nx}))dx | < e£ |P(*)|d* 

= £ f \p(x)~ f{x) + f(x)\Ax 
Jo 

< e(e+Mf), 

where Mf = sup x6 pjj |/(x)|, and it follows that 

- e(£ +M f ) < P{x){g{{nx}) - Q({nx}))dx < e(s + M f ). (1.66) 

Combining (1.64)-(1.66), we get that 

-e(e + M f ) - eM g + £ P(x)Q{{nx})dx < £ f(x)g({nx})dx 

< e(£+Mf) + eM g 

+ [' P(x)Q({nx})dx. 

Jo 

Letting n tend to infinity in the preceding inequalities, we get that 

I lim [ l f(x)g{{nx})dx- lim [' P{x)Q({nx})dx |< e(e +M f ) +eM g . (1.67) 

| 0 n->°°J 0 I 

Let P{x) = Xi a kX k and Q(x) = b m x"‘. We have, based on Lemma 1.15, that 

lim [ l p(x)Q({nx})dx=\im f XL«tV^({«x}) m cLx 

= ll a kb m x k {{nx}) m dx^J 

= 11 , 


a k b,„ 


* (&+ l)(m+ 1) 

= Cpix) dx [ 1 Q(x)dx. 
Jo Jo 


( 1 . 68 ) 


Combining (1.67) and (1.68), we obtain that 


1.6 Solutions 


| limJ^f(x)g({nx})dx-J^P(x)dxJ^Q{x)dx^<£(£ + M f ) + eM g . (1.69) 
It is easy to see that 

Km (jTWjT Q(x)fc) = £ f(x)dx J\(x)dx. (1.70) 

Letting e tend to zero in (1 .69) and using (1 .70), we get that the lemma is proved. 

Now we are ready to solve the problem. Let e > 0 and recall that any L 1 function 
is approximated in the L 1 norm by a continuous function (see [1 12, Theorem 3.14]). 
Thus, since / £ i) [0, 1], there is h : [0, 1] — > R, a continuous function, such that 
ll/- /i IL'ro,l] < £ > i- e -’ Jo I f(x) ~ h(x)\dx < e. We have 

\[ f(x)g({nx})dx- j h(x)g{{nx})Ax\< ( \f(x) - h(x)\\g({nx})\dx 
I Jo Jo I Jo 

^ M g\\f~ ^IIl'10,1] 

<M g e. 

Letting n tend to infinity in the preceding inequality, we get that 

| i™/ f(x)g({nx})dx-Kmj\(x)g({nx})dx | <M g e. 

This implies, based on Lemma 1.16, that 

lim f 1 f(x)g({nx})dx- [' h{x)dx C g{x)6x \< M g e. 

| n-+*>J o Jo Jo 

Now, 

I lim [' f(x)g{{nx})dx- f 1 f(x)dx f 1 g(x)dx\ 

| n-^oj o Jo Jo 

<1 I™ C f{x)g{{nx})6x- [' h(x)dx [' g(x) 6x\ 

| 0 JO JO 

+ | J^h{x)-f(x))dxj\(x)dx | 

<M g £ + \\f-h\\ L i [ol] J o |g(x)|d* 

<M g£ + £ [ |g(x)|dx. 

Jo 


Since £ is arbitrary taken the result follows. 
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Remark. The problem is motivated by the following theorem of Fejer: If / and g 
are continuous functions on M of period 1, then 

hm ^' f(x)g(ru)dx = jf’ f(x)dxj\(x)dx. 

1.72. The solution to this problem is similar to the solution of the previous problem. 
Use that a continuous function on a compact interval can be uniformly approximated 
by polynomials. 

1.73. We need the following lemma. 

Lemma 1.17. Let m,n be two nonnegative integers. Then, 
m 1 f 2n 

lim / sin (fx) cos' (fx)dx = — / sin xcos xdx. 

f-W-i n Jo 

Proof. We have, based on Euler’s formulae, 

e itx _ e ~itx e itx _|_ e -itx 

sin(fx) = — and cos(fx) = - , 


that 


J sin" (fx) cos'" (fx)dx 

= /, ^ (<•“ - (e“ + e-“) m 1x 

Z 


l dx 


2 n+m 


— l 

Vm i n J- 


—itx(m+n) 


,2t,xk { _ x y-k. £ g e 2itxp | ^ 


- ^| o | o C) (;) >*. 

that 

J l e txi(2k+2p-m-n) dx _ J 


We have that 


if 2k + 2p-m-n = 0, 


\ 2 W+2£-»" } if 2k+2p-n-m^0. 


(1.72) 


Combining (1.71) and (1.72), we get that 
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J sin" (tx) cos'" (tx)dx = 


yn+mjn 


I 

2k+2p—n—m=0 


(-1 J 1 " 


1 

H 


f 2 n+m i n 

and in the limit. 


I 

2k+2p-n-m^0 


1 ^ n _ k sint(2k + 2p — n—m) 
> 2k + 2p-n-m 


^_J\ m*( tt )cos-( tt )d»= ^ ( m+2 S 


!-l)" 


(1.73) 


Now we calculate 
n 

sin"xcos m xcbc 


r 

Jo 


=r 

Jo 


2 m + n t 

1 

" 2 m+n i i 


j_ [** e -«( m +«) , e 2. be _ { \n ,2 be + j y tdx 
+ n i n J 0 


dx 


5o \p 


o 2ix P 


dx 


hand, 

r 2n e i(2k+2p-m-n)x dx= i 2n if + 2p - n - m = 0, 
7o [o if 2k + 2p — n — m^0. 


On the other hand, 


It follows that 


f 2n . n 

/ sin 

Jo 


xcos m xdx = 


2n 

2 m+n i n 


I 

2k-\-2p—n—m—0 


(-i )” 


(1.74) 


Combining (1.73) and (1.74), we get that the lemma is proved. 

Now we are ready to solve the problem. Let e > 0 and let P(x,y) = 'Lk.p a LpX k y p 
be the polynomial that uniformly approximates /. We have that — e < f{x,y) - 
P(x,y) < E for all x,y G [—1,1], and it follows that 


— e < /(sin(xf),cos(jtf)) — / , (sin(xt),cos(xf)) < e. 


(1.75) 
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We have, based on Lemma 1.17, that 


sin^xcos^xdx 


lim / .P(sin(xt),cos(xt))dx = V a.k „ I lim / sin*(xt) cos p (xt)dx 

"°°J- 1 kp V+-J - 1 

-Hf 

-=ffe 

i A 271 

= — / 5 (sinx,cosx)dx. 

7T 7o 

Integrating (1.75), we get that 

— 2e + J / 5 (sin(xf),cos(xf))dx < J /(sin(xf),cos(xf))dx 

<2e + J / , (sin(xf),cos(xt))dx, 

and this implies 

— 2e+lim J P(sm(xt),cos(xt))6x<limJ /(sin(xf).cos(xt))dx 

< 2e + lim / P(sin(xf).cos(xt))dx, 


(1.76) 


It follows from (1.76) that 


1 [ 2n [ 1 

-2en — / 7 > (sinx,cosx)dx < lim / /(sin(xt),cos(xt))d.x 
TWO 

1 r 2n 

<2e+- / / > (sinx,cosx)dx. (1.77) 
7r Jo 


On the other hand, since — £ + /(sinx,cosx) < P(sinx.cosx) < £ +/(sinx,cosx), 
we get, by integration, that 

1 i-2k 1 r2n 

-2e -\ — / /(sinx,cosx)dx< — / / 5 (sinx,cosx)dx 
Tt Jo 71 Jo 

<2 e+— [ /(sinx,cosx)dx. (1.78) 
n Jo 


It follows, based on (1.77) and (1.78), that 
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1 r lK r l 

— 4eH — / /(sinx,cosx)dx< lim / /(sin(xf),cos(;tf))dx 

n Jo 1 

1 r lK 

<4eH — / /(sinx,cosx)dx. 

7T Jo 

This implies that 

rl l r2n I 

lim J f(sm(xt),cos(xt))dx——J /(sinx,cosx)cbc < 4e, 

and since e is arbitrary taken, the result follows. The second limit can be proved by 
using a similar technique. 

Remark. The problem was motivated by the following problem in classical analysis 
(see [14, Problem 5.75]). Determine 

lim J f(x,s'm(tx))dx, for / e C([a,b] X [— 1, 1]). 


We have, as a consequence of this problem, that if / : [— 1 , 1] — > R is a continuous 
function, then 


r 1 1 r2n 

lim / /(sin(xt))cLr = — / /(sinx)dx. 

1 n Jo 

1.74. The limit equals /( 0). See [53] or the solution of Problem 1.76. 

1.75. The limit equals /(1/e). See the solution of the next problem. 

1.76. The limit equals /(0)g(l/e). We need the following lemma. 


Lemma 1.18. (a) Let k >0 be an integer and let l be a positive integer. Then, 


lim [ ■■■ f (</ xix 2 ---x n ) k 
n~^°°J 0 Jo 



l 

d*i • • • dx n = 0. 


(b) Let k > 0 be an integer. Then, 


lim / • • • / (\lx\Xi ■ ■■x n ) k dxi • • • dr„ 
»->“./ o Jo 



Proof, (a) Let I„ be the integral in question. Using the substitutions 
1, 2, . . . , n, we obtain that 


'-T-r 


dyi • • • dy n 


(yi+---+y n ) l yi 


,/ 2+*/». 


■y 2 n +k/n ' 


yu i = 


{yi + -+y n ) 1 r (/) 


mi 


,-/yi+-+yn)/-t 




Since 
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we obtain that 



where the last equality follows by using the substitution t = ^ in the outer integral. 
Let 



Ms) < s 1 - 1 (e~ sln = s l ~ l e~ s , (1.79) 

and we note that the function s — > s l ~ 1 e~ s is integrable over (0,°°). 

Now, we prove that 

lim/„(s)=0. (1.80) 

We have that 

0< 

We note that we have an indeterminate form of type 1“ and this implies that 



The last equality can be proved as follows. Integrating by parts we obtain that 

re -sy/n_ , / \- e sy/n 1“ s e ~sy/n 

lim n / dy = lim n — / dy 

J 1 y z n ^°° y y |i nj\ y 
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and the limit, /“ e~ sy / n /ydy = follows from the Monotone Convergence 

Theorem. Combining (1.79) and (1.80) and using Lebesgue Convergence Theorem, 
we obtain that 


lim I n = -J- • lim [ f„(s)ds = 0, 
r(/) n—>°° J 0 


r(() 

and the first part of the lemma is proved. 

(b) We have 

lim / ■■■ ( \lx\xr • ■ ■ x n ) k dvi • • • dx n = lim 

n-^°°J 0 Jo n->“ 


n + k 


and the second part of the lemma is proved. 

Let e > 0 and let P and Q be the polynomials that uniformly approximate / and 
g, i.e., | f(x) — P(x) | < e and |g(x) — Q(x) | < e, for all x £ [0, 1]. Also, let M g = 
su Pjce [o, l] l«(*)l- We note that 

f-g = (f-P)-g+P(g-Q)+P-Q ■ (1.81) 


We have 



is less than or equal to e • M g . Since e was arbitrary we obtain that 


Urn jf 1 - jT 1 (/-/») ^ i~r+r ) g«^ TTT ^) (k i • ■ ■ d*. = 0. (1.82) 

Similarly, 

0< |/ L • • • x n) ~ ~ ~ ~ *«)) P ^ + j_ ^ d*l • • • | 

< E [ 1 ...[ 1 \p( -) \dxv~dxn. (1.83) 

Jo Jo | V,, +••• + .»„/ I 

Let P(x) =a,„x m H bao and let Q{x) = b p x p H b&o- An application of part 

(a) of Lemma 1.18, with k = 0, shows that 



cbci • • • dx, 



dvi • • • cbc n = |« 0 1 ■ 


(1.84) 


Combining (1.83) and (1.84), we obtain, since £ was arbitrary, that 
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-J Q (stifa 777 ^) - Q(lft T 7 T xd)P ^ JL + ", + X ) d»i 


• • • dx n = 0. 

(1.85) 


On the other hand, 


P 



■fi(^r'4) = XX^ 

i =0 ;'=0 





Integrating the preceding equality and taking the limit, we obtain, as a consequence 
of Lemma 1.18, that 


i/( lifer ) ■ 

S=aofiQ) «P(O)G0). (1.86) 


Combining (1.82), (1.85), and (1.86), we obtain, based on (1.81), that 

isfe-p(xifer) '*(<^rr^d J : 1 ...<k,=/.(o)e(l). 

Since P(0)<2(l/e) — > /(0)g(l /e), as e 0, we obtain that the desired li mi t holds 
and the problem is solved. 

Remark. It is worth mentioning that the limit 

L m -i' - " ' L ! ( Jifex ) ■■ *< <u, ■■ • fc = ms ( 1) 


equals the product of the two limits 


and 



dvi • • • dbc„ = /( 0) 


lim [ ••• [ g (tfxix 2 ■■■x n ) dri ■ ■ ■ dx n = g 
n->°°Jo Jo 

1.77. The limit equals /(1/e). Approximate / by a polynomial and use Lemma 
1.18. See the solution of Problem 1.76. 
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1.78. The limit equals /( 0). Approximate / by a polynomial and use Lemma 1.18. 
See the solution of Problem 1.76. 


1.6.4 Comments on Two Open Problems 


An expert is someone who knows some of the worst mistakes 
that can be made in his subject, and how to avoid them. 

Werner Heisenberg (1901-1976) 


1.80. The motivation behind this problem is a standard exercise from the theory 

of infinite series (see [14, Problem 3.80, p. 26]) or Problem 3.3 which is about 
studying the convergence of the infinite series Z“= 2((2 — — \fe) ■■■ (2 — 

\fe)) a . One possible approach of this problem is based on proving that the general 
term of the series behaves like 1 jn. To see this, one can prove that if x > 1, then 
1 — e 1 /* + 1/(jc — 1) > 0. Let x n = (2 — yfe) (2 — ffe) ■ ■ ■ (2 — ffe). It follows that for 
all k > 3, one has 2 — tfe > 1 — ^ . Thus, 

x„ = (2 - yfi) f[ (2 - > (2 - sfe) f[ (l - -±~) = . (1 .87) 

*=3 *=3 \ K 1 / n 1 

On the other hand, since for all x > 0 one has that e* > 1 +x, we obtain that 2 — ffe < 
1 — 1 /k, which implies that 

(i .ss) 

k= 2 *= 2 V K J n 

It follows from (1.87) and (1.88) that (2 — y/e)/(rt — 1) < x n < 1 /n, and our goal 
is achieved. Now, one can prove, and this is left as an exercise to the reader, 
that lim„_j .^nx„ exists, so the question of determining whether this limit can be 
calculated in terms of well-known constants is natural and appealing. 

1.81. This problem is motivated by Problem 1.12. A heuristic motivation of the 

problem is as follows. One can show (prove it!) that — = y. 

This means that when n is large, one has that T(1 jn) ~ n. Replacing n by n/k 
in the preceding estimation, and bear with me even if this is not correct, we 
have that T{k/n) ~ n/k. This in turn implies that {T{k/n))~ k ~ ( k/n) k . Hence, 
X£ =1 (T ( k/n))~ k ~ X« =l (k/n) k and since the limit of the right-hand side sum exists 
and can be calculated (this is Problem 1.12), one may wonder what would be the 
limit of the left-hand side sum. Numerical calculations show that the limit of the 
sum involving the Gamma function would be e v /(e r — l). 


Chapter 2 

Fractional Part Integrals 


If I had the theorems! Then I should find the proofs easily 
enough. 

Bernhard Riemann (1826-1866) 


2.1 Single Integrals 


/ have had my results for a long time: but I do not yet know how 
I am to arrive at them. 


Carl Friedrich Gauss (1777-1855) 


2.1. A de la Vallee Poussin integral. Calculate 



2.2. Prove that 



| (k = ln(2?r)-y- 1. 


Let A denote the Glaisher-Kinkelin constant defined by the limit 

A = lim "7 2-«/3-i/t2 e n 2 /4 tW = 1.28242 71291 00622 63687 .... 

Li 

(continued) 
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2 Fractional Part Integrals 


(continued) 

2.3. A cubic integral. Prove that 



7 + -\n(2n) — 61nA. 


2.4. Let k > 0 be an integer. Prove that 



2.5. (a) Let k > 1 be an integer. Prove that 


where y denotes the Euler-Mascheroni constant. 

(b) More generally, if q is a positive real number, then 

1, 

1. 


f 1 m 

Jo '-xi 


^ dx = 


q(l-y-lnq) 




1) \ 
.tj) / 


if q < 
if q > 


2.6. Let k > 1 be an integer. Prove that 



(hi(27r) - 7+ 1 + !# • • • + \ + 2JfclnJt- - 2k - 2 Ink'. V 


2.7. Let k > 2 be an integer. Prove that 



k 

k ^ I 


- m. 


where £ denotes the Riemann zeta function. 

2.8. Let k > 2 be an integer. Prove that 
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2.9. Let k > 2 be an integer. Prove that 

r l ( i 


f o \ ktfx / ^ k- 1 


.M 

A* 


2.10. A Euler’s constant integral. Prove that 

'ii r i 


'o {x I [ 1 -X 


dx = 2y— 1. 


2.11. (a) A quadratic integral and Euler’s constant. Prove that 
{rb} <k = 41 "(2>r)-4r-5. 

(b) A class of fractional part integrals. Let n > 2 be an integer. Then 


1 nr r 1 


U 1 l-x 


d* = 2l(-l (7) -i) + (-!)" 


1=2 


— 2n X 


£(2m + n) — £(2m + n + 1) 


where £ is the Riemann zeta function and the first sum is missing when n = 2. 


2.12. Prove that 


2.13. Prove that 


v'lb {r} dj:= b r “ in<2 ^ 




where |_aj denotes the greatest integer not exceeding a. 

2.14. (a) Prove that 
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j*-£4 

(b) More generally, let a, J3, and y be positive real numbers. Study the conver- 
gence of 


Jo 


'll dx, 


where [a\ denotes the greatest integer not exceeding a. 

2.15. Prove that 

Jo {xj l-x“ 

2.16. Let m > — 1 be a real number. Prove that 

m+l 


-dx = y. 


[ {lnx}x m dx = - 

Jo (m+l 


1 


(m+ l)(e m+1 — 1) (1+m) 2 


2.17. The first Stieltjes constant, yi , is the special constant defined by 


■A \nk In 2 n 

yi = lim 2, — 

\*=i k 2 


Prove that 


- Mnxdx = y+yi - 1. 

7o J 


2.18. Let k be a positive real number. Find the value of 


2.19. Calculate 

L = lim J | - 1 dx and lim n^J j - j dx — L 


2.20. Let m > 0 be a real number. Calculate 
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2.21. Let m > 1 be an integer. Prove that 


/'(MVdc-i c( 2 )+c( 3 )+-+c("»+ i ) . 

Jo \ x / m + 1 


2.22. (a) Let m and k be positive real numbers. Prove that 


r i m* 

/ ^ = 

Jo [x) 




(b) A new integral formula for Euler’s constant. If m > 1 is an integer, then 

fA r-— -If- 


where H m+ \ denotes the (m + l)th harmonic number. 


2.2 Double Integrals 


Nature laughs at the difficulties of integration. 
Pierre-Simon de Laplace (1749-1827) 


2.23. (a) Calculate 


ff 


cLdy. 


(b) More generally, if k > 1 is an integer, calculate 


;r, calculate 


2.24. Let m> 1 be an integer. Calculate 

[' 

Jo Jo [x+y 


cLdy. 
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2.25. Let k > 1 be an integer. Calculate 

r 1 dxdy 


'o Jo 


-1 


where \a\ denotes the greatest integer not exceeding a. 
2.26. Let k > 1 be an integer. Calculate 

f 1 f 1 dvdy 


rr 

Jo Jo 


f +1 


where [a\ denotes the greatest integer not exceeding a. 
2.27. Calculate 

/•l /•! 


h Jo [ y } djdy ' 


2.28. Let k > 1 be an integer. Prove that 


L L {%} 


y lcUdy= |(l + i+ . +i-ln*-r) +3. 


2.29. Let m and n be positive integers such that m<n. Prove that 

r l r 1 ( nvc] , , m f n 3 \ 

dxiy =2n{' n - m + 2-'<)- 


[I 

Jo Jo 

real i 

f 1 y 1 

Jo Jo \ y J 


2.30. Let k > 0 be a real number. Prove that 


1 !' , . 2k + 1 7 


2.31. Prove that 


1 y ln(27T) 


f 1 f 1 { x \ 1 7 

/ / < ~ > Ardy=---- + 

Jo Jo [y ) 3 2 


2.32. Let k > 0 be an integer. Prove that 

-in;! 


f f\~\ dxdy 
Jo Jo [y 




2(*+l) { k+ f) 2(k+lY 
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2.33. Let k > 1 be an integer. Prove that 

C(2) + C(3) + - + C(fc+1) 
2(*+l) 



2.34. Let k > 1 be an integer and let p be a real number such that k — p > — 1 . 
Prove that 

[ 1 /■ 1 /f\V dxdv = _L C(2) + C(3) + - + C(t+1) 

7o io \yj x p £-p+l (k + 2 — p)(k+ 1) 

2.35. Let k > 1 and let m. /; be nonnegative integers such that m — p > — 2 and 
k — p>— 1. Prove that 



yn 


dxdy 


(m + 7)! 




2.36. A surprising appearance of C(2). Prove that 



2.37. Let n,m> — 1 be real numbers. Prove that 



1 f _J_ + _J C(n + 2) _ C(m + 2) \ 

m+n+2\n+l m+1 n+ 2 m+2 ) 


2.38. Let n > — 1 be a real number. Prove that 



C(n + 2) 

(n+l)(n + 2)' 


2.39. Let k > 1 be an integer and let 
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Prove that 

(a) 4 = /o {MW*} fo- 

Cl)) h = 49/6— 2tt 2 /3 — 21n2. 

(c) Open problem. Find an explicit formula for 4 when k > 3. 


2.40. Let m > 1 be an integer. Prove that 



C(2) + C(3) + -- + C(m+1) 

m+ 1 


2.41. Let m,k> 1 be two integers. Prove that 


Jo Jo I y 


- } cbcdy = 


2(m+l)! p ti (k + pY- 

£IWiK<‘+r+i)-i). 


2(*+l)!^(mfp 


2.42. 1 . Let a > 0 be a real number and let k be a positive integer. Prove that 

ra+k 4 

L i,|J ' 2* 

2. Let n > 1 be an integer and let a i .... . a n be positive integers. Calculate 

/•« 1 f“n 

/ ••• / {A:(xi+x 2 H bx„)}dridv2---dx„. 

Jo Jo 


The Stieltjes constants, y m , are the special constants defined by 


y m = lim 



(In n) m+l \ 

m+ 1 J ' 


2.43. A multiple integral in terms of Stieltjes constants. Let m > 1 be an 

integer. Prove that 
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2.3 Quickies 


In my opinion, a mathematician, in so far as he is a 
mathematician, need not preoccupy himself with philosophy, an 
opinion, moreover, which has been expressed by many 
philosophers. 

Henri Lebesgue (1875-1941) 


2.44. Let k > — 1 be a real number and let n > 1 be an integer. Prove that 

£{“>** -iT I' 


2.45. Calculate 


2.46. Calculate 


L 


1 fi 1 

X 1 — X 


dx. 




dx. 


2.47. Let k > 0 and let m > 0 be real numbers. Calculate 


1 

1 — x 


x m (l — x) m dx. 


Jo { \xj 

2.48. Let n be a positive integer and let k be a natural number. Prove that 


(\x-J) k {nx}dx 

Jo 


m 1 

' 2(2k+ 1)!' 


2.49. Let / and g be functions on [0,1] with g integrable and g(x) = g(l — x). 
Prove that 

[ {f(x)-f(l~x)}g(x)dx= \ [ g(x)dx, 

Jo 2 70 

where {a} denotes the fractional part of a. 

2.50. Calculate the double integral 


n {x — >’} dxd>’. 


2.51. Prove that 
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2.52. Let k > 0 be a real number. Prove that 



2.53. Let k > 0 be a real number. Find 



2.54. Let k and m be positive real numbers. Calculate 



2.55. Let n > 1 be an integer and let m > — 1 be a real number. Calculate 

/ 1 /'{^W"dvd>, 

Jo Jo [x+y J 

2.56. Let n > 1 be an integer and let m > — 1 be a real number. Calculate 


nx 'l 


x m y m dxdy. 


Jo Jo {x-y ) 

2.57. Let a > 0, let k ^ 0 be a real number, and let g : [0,a] x [0,a] — > R be an 
integrable and symmetric function in x and y. Prove that 


where {x} denotes the fractional part of x. 


2.4 Open Problems 


/ could never resist an integral. 
G. H. Hardy (1877-1947) 


2.58. Integrating a product of fractional parts. Let n > 3 be an integer. 
Calculate 
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2.59. A power integral. Let n > 3 and m> 1 be integers. Calculate, in closed 
form, the integral 

['■..['{ ! 

JO Jo {Xi+X2-\ hx 


| dxi ■ ■ ■ dx n . 


2.5 Hints 


To myself I am only a child playing on the beach, while vast 
oceans of truth lie undiscovered before me. 

Sir Isaac Newton (1642-1727) 


2.5.1 Single Integrals 


It is not certain that everything is uncertain. 

Blaise Pascal (1642-1662) 


2.1. Make the substitution 1/x = t. 

2.3. Make the substitution 1 /x — t and the integral reduces to the calculation of the 
series Zj ° =1 (3 k 2 ]n(k + \)/k + 3/2 - 3k - l/(k + 1)) . Then, calculate the nth partial 
sum of the series by using the definition of Glaisher-Kinkelin constant. 

2.5. and 2.6. Make the substitution k/x = t. 

2.7. Make the substitution x = 1 /y k . 

2.8. Calculate the integral by using the substitution x = k k jy k . 

2.9. Make the substitution x = 1 /(k k y k ). 

2.10. Make the substitution x = 1/t and show the integral reduces to the calculation 
of the series 2J£ =l ( kin ^ + Mn f±f + ^ . 

2.13. Make the substitution 1 /x = y and observe that if y is a positive real number, 
which is not an integer, one has {— y} = 1 — {y}. 

2.14., 2.15., and 2.17. Make the substitution x = 1/y. 

2.18. Substitute n/x = t and apply Stolz-Cesaro lemma (the 0/0 case). 

2.19. Make the substitution n/x = t and prove that x„ = /q {n/x}’ 1 dr verifies the 
inequalities 


n 

^+1 



<x n < 


n 

^+1 
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and 


n+ 1 



< rvc n < 


n 2 

W+i 



2.21. and 2.22. Use the substitution \/x = y and the improper integral formula 
\/a n =\ /!» J ( “ e-^x "- 1 dr where a > 0. 


2.5.2 Double Integrals 


As for everything else, so for a mathematical theory; beauty can 
be perceived but not explained. 

Arthur Cayley (1821-1895) 


In general, these double integrals can be calculated by writing the double integral 
Jo Jo /(x,x)<iHly as an iterated integral Jq (Jq f(x,y)dy)dx, making a particular 
change of variables in the inner integral, and then integrating by parts. 

2.23. Write the integral in the form g x ^ Jq j dyj dr; make the substitution 
xy = t, in the inner integral; and integrate by parts. 

2.24. Write the integral as Jq ( J'JJ +l { j } m dt j dr and integrate by parts. 

2.26. Use that fd (Vo ([^+1)0 ^ = (LiAJ+i)* ) ** and integrate by 

parts. 

2.28. Substitute kx/y = t, in the inner integral, to get that Jq ( Jq {kx/y} dyj dr = 
k Jq x(JJJ {f} /t 2 dt) dr and integrate by parts. 

2.29. Write Jq (jo {^} dyj dr = “ Jq x ^ J'JJ yrdt'j dr and integrate by parts. 

2 -30. Jo 1 (/o 1 {y}dy)dr '~tJ y g £ (/J Qd t) dr and integrate by parts. 
2.31.-2.35. Use the substitution x/y = t and integrate by parts. 

2.38. Write / 0 V (/ 0 V {*-} {j}dy) dr- = /’r 2 ^ 1 (j^V {t} {}}dt) dr and in- 
tegrate by parts. 

2.40. and 2.41. Use the substitution x/y = t, in the inner integral, to get that 
Jo (Jo W>’} m {y/x} k dy) dx = gx (/“ {t } m { \ } k |) dr and integrate by parts. 

2.42. 1. Let m = [a\ be the floor of a and calculate the integral on intervals of the 
form [jj+ 1]. 

2. Write the multiple integral as an iterated integral and use part 1 of the problem. 


2.6 Solutions 
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2.5.3 Quickies 


Nature not only suggests to us problems, she suggests their 
solution. 

Henri Poincare (1854—1912) 

These integrals are solved by using either symmetry or the following identity 
involving the fractional part function. 


A fractional part identity. If x e M \ Z, then {x} + {—x} = 1 . 


2.44. Make the substitution nx = y. 

2.45. -2.47. and 2.49. Make the substitution x = 1 — y and use the fractional part 
identity. 

2.48. Observe that if n is a positive integer, then [n( 1 — y)} = 1 — {ny}, for all 
y G [0, 1] except for 0, 1/n, 2/n, ...,{n—\)/n, 1 . Then, use the substitution x = 1 — y 
and the definition of the Beta function. 

2.50.-2.54. and 2.57. Use symmetry and the fractional part identity. 

2.55. and 2.56. Observe that if n is a positive integer, then {n(l — y)} = 1 — {ny}, 
for all y £ [0, 1] except for 0, 1 /n, 2/n, ..., (n— 1 )/n, 1. Then, use symmetry. 


2.6 Solutions 


Everything you add to the truth subtracts from the truth. 

Alexander Solzhenitsyn (1918-2008) 

This section contains the solutions to the problems from the first three sections of 
the chapter. 

2.6.1 Single Integrals 


Sir, I have found you an argument. I am not obliged to find you 
an understanding. 

Samuel Johnson (1709-1784) 


2.1. The integral equals 1 — y. We have 
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^ f k+1 t-k ^ 
t=i yfc f *=i 


k+1 



1-7- 


Remark. This integral, which is well known in the mathematical literature 
([43, p. 32], [65, pp. 109-1 11]), is related to a surprising result, due to de la Vallee 
Poussin [105], which states that 


lim 

n-t ° o 



= 1 -7- 


In words, if a large integer n is divided by each integer 1 < k < n, then the average 
fraction by which the quotient n/k falls short of the next integer is not 1 /2, but y! 

2.2. See the solution of Problem 2.6. 

2.3. Using the substitution \/x = t the integral becomes 




1 (t-ky 


■*=x 

*=i 


^3k 2 ln 


k+ 1 
k 




Let = Sjfe=i (3k 2 ln(k + l)/k+3/2 — 3k — l/(k + 1)) be the nth partial sum of 
the series. A calculation shows that 


5„ = 1 — 


* 4 - 


n+ 1 


— Inn ) — -n 2 — Inn 


-SX^ln 

*=i 


k+1 

k 


On the other hand, 


t^ln 

k= 1 


k+1 

k 


mn 

4=1 



(n+l)" 2 n! \ 

(2 2 3 3 ■ ■ ■ n n ) 2 J 


and 


Let 


— -n 2 — Inn + 3 V k 2 In = In 

2 £i * 


(n+l) 3 ' ,2 (n!) 3 \ 

(2 2 3 3 ---n n ) 6 eT“ n) 


(n + l) 3 " 2 (n!) 3 _ n^+an+je^n (n+ l) 3 " 2 (n!) 3 

(2 2 3 3 • ■■n n ) 6 e^~ n (2 2 3 3 • • • n n f n 


,3n 2 +3n+i 
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The first fraction converges to 1/A 6 , and for calculating the limit of the second 
fraction, we have, based on Stirling’s formula, n\ ~ \j2nn ( n/e ) n , that 


(n+ l) 3 " (n!) 3 

,3 _ 3 


-( 2*) 2 


n+ 1\" 1 




Thus, > {2k ) 2 e 2 /A 6 , which implies that lim S n = — \ — y+ \ \n{2n) — 61nA. 

2.4. See the solution of Problem 2.22, 

2.5. (a) Using the substitution k/x = t, we get that 

r{j} di=t r^ d, " t ,i/ +1? r 4r ' t s( tai T i -7TT 


A calculation shows that 


=-in*- fr^- r +r^-+-" + 7^— -M» 

/=* \ 1 1+1/ \&+l &+2 1+n 

and this implies that S„ = 1 + 1/2 H \-l/k — In k — y. 

(b) Using the substitution x = q/y, we obtain that 

-£{ IhO 

We distinguish here two cases. 

Case 1. q < 1. We have 

/, 1 - / jt+i i 
= 9 ln- + X ( ln ^ y— T 

V 9 tiV * * +1 

= ^(l-y-ln^). 

Case 2. q > 1. A calculation shows that 
/•W+ly- [tfj 


+ 1 ) . 


I = c 


= q[ 1 + j + ' 


d y + r { 4ty 

A«J+i y 


i + kl 


9(1 + kJ) 
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Remark. If k > 2 is an integer, then 


jf([l J + 

and this generalizes an integral from Polya and Szego (see [104, p. 43]). 

2.6. Using the substitution k/x = t, the integral becomes 

Let S n be the nth partial sum of the series. We have 

\ l l + 1 J \&+l k + 2 n+ 1/ 

- 2nln(n+ 1) + 2klnk + 2\nn\ - 21nlk!. 
Since 2 Inn! ~ In (27f) + (2n+ l)lnn — 2n, it follows that S„ is approximated by 


2(1 - k) + \n(2n) + 2k\nk - 2\nk\ - 2nln 


n+1 


1 

k+l~ 


■ + — - In n 
n+1 


and hence, lim,,-^ S„ = \n{2n) — y+ 1 + 1 H \-\ + 2k\nk—2k — 2 InA;!. 

2.7. We have, based on the substitution x=\ /y k , that 

= 4(^1 


v-*+ 1 l m+1 y “* | m+1 

+m^— 


Ifc- 

ik 

= k^ 


>5, 

i 4. 


i 

^- r ’ (m + 

1 


W)4, 


m 


+ 1) A_1 m k ~ l 


-I 


1 1 

(nr+l) 4 m k 

1 


“[ (m+ 1) A 
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2.8. Using the substitution x = k/ c /y k we obtain that 


=t* +i i 

m=k 

k k + 1 “ 
~ k—1 


,-jfc+l |"i+l v -fc |»»+1 

+m'— 


-Jfc+1 

1 


1 




t^- 1 (w + 1)*- 

1 


- Wl' 


“ \J/n + l)* m k 


tMm+iy 


k 1 vyjk 1 


n+ 1)* 


2.9. The substitution x = 1 /(k k y k ) implies that 




1 

(zur. 


\ 1_A u 

l 

= ¥ 

(— t -T 

1 

C(*) 


A* ■ 


M 

k 


1 /I 


c« 


ifc- 1 


'W dy »J__iW 

y k+l ' k — 1 k 


We used that (see the solution of Problem 2.7) 

f 

2.10. The substitution x=l/t implies that 

, = /‘(l}( ‘ U = rw{ ' } c 

7olxJ\l-xJ ii t 2 \ f - 1 J 
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We calculate the integral and the sum separately. We have that 

f k+l t — kf t 


t- 1 


i 

— v [ k+1 f ~ ^ df 

= bh I 


-1 df 


^ A, k ,, k + 2 1 


A+l A + 2 


On the other hand, the substitution t — 1 = u implies that 

J i f 2 \i-lj Vo (m + 1) 2 \ m J Jo (w + 1) 2 l m J 


r w*-£r- 

Vi t(l+f) 2 itJk t( 1 


,fc+1 t — k 


k= 1 JIC t{l+t) 
A + 2 1 


■v / . , ft , , ft f z, r 

— V ( A: In |-Aln 1 

*tlV Jk+1 A+l A+2 

Putting all these together we get that 

7 = 2X fAln-^-+Aln^ + -l- 
V A + 1 A + 1 A + 2 

Let S„ be the nth partial sum of the series. A calculation shows that 

=2 ('‘ ln Sf“ ln( " +1)+ i + i + "' + ^T2;’ 

and this imphes lim„_ >0 o S n = 2y — 1 . 

Remark. It is worth mentioning that the following integral formulae hold 

f {;}{r 


2.11. For a solution of this problem, see [45]. 

2.12. We need the following lemma: 

Lemma 2.1. The following formulae hold: 

1. lim n _>„«(l- (n+2)ln=±f) = -±. 


dn 
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2 - /* +1 =-^-^ + (2k + l)ln^l - (2*+1)lngf, 


k> 1. 


* /r i ^)^=-iTT+(^- i ) 2in ^T-(^- 2 )^^ 1 - 

The lemma can be proved by elementary calculations. 

Using the substitution x = 1 /t, the integral becomes 

'-rtiihh 

irv 

We calculate the integral and the sum separately. We have 


k> 1. 


“ rk- 

-u 

-1/ 


(*-*)\ 

f * ' 

r 2 

(t-k) 2 , 

U-1. 

( t 

r 2 ' 

(r — k) 2 

Vf-1 

dr 


t - 1 


- 1 dr 


(2.1) 


f- 1 


Using part (3) of Lemma 2. 1 we get that 

s = % X 1)2ta t4r +(2t -‘ 2)b ^T i - iff) 


= £ l^Yi + ( 1 — A: 2 ) In 


k + 2 Jfc+1\ 
k+l^k + 2)' 


( 2 . 2 ) 


On the other hand, we have based on the substitution t — 1 = u that 



The substitution 1 /w = f , combined with part (2) of Lemma 2.1, shows that 


j= r w 2d ,.fr 

J i r 2 (l+r) 2 fiA r 2 (l+r) 2 

= | l (-tTT-rT2 + < 2 ‘ +1 ) 1 " t T i -' 2t+1 > 1 ”tTT)^ (23 > 
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Combining (2.1)-(2.3), we get that 


dx= ^ f (k+ l) 2 ln 


k + 1 


k= 1 V 


Let S n be the nth partial sum of the series, i.e., 


(k? + 2k) In 


k + 2 
k+ 1 


- 1 - 



s - = I, (<‘ + 1)2 1 " 1 kj r ~ {t2 + 2k) ln St - 1 - tir) ■ 

A calculation shows 

i(^l) 2 ln^±l-i(^ + 2^)ln^ 

k=i K k= l /Ci_1 

= X, (^ + 1 ) 2 l n ~T~ 1 ) In — »(n + 2) In — 

*=1 K A=i * " ' 1 

= X 2 (*+ 1 ) ln -y-- w ( n + 2 ) In — TT 

fc=l k n+ 1 

= 2(n + l)ln(n + 1) — 21nn! — n(n + 2)ln + 

Thus, 

S n = 2(n + l)ln(n + 1) — 2 Inn! — (n 2 + 2n)ln — n 

“G + 5 + ■ + ^-M»+ 1) )- ln( » + 1) 

= (2n + l)ln(n + 1) — 21nn! — (n 2 + 2n)ln — n 

~G + ^ + "‘ + ^T2 _ln(n+1) )' 

Since Inn! = (ln2rt) /2 + (n + 1/2) Inn — n + 0(1 /n), we get that 


S n = (2n+ l)ln 


n+1 


(l 1 

(2 + 3 + ' 


-ln(2^) + « ^1 - (n + 2) ln 

))+o(l), 


and this implies that S n = 5/2 — ln(27r) — 7. 
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Remark. We have, due to symmetry reasons, that the following evaluations hold 



2.13. Using the substitution 1 /x = y, the integral becomes I = /“ { (— l)^y} /y 2 dy. 
Since for a positive real number y, which is not an integer, one has {— y} = 1 — {y}, 
we get that 


/ - [ *=£% - £ f - i f “-r* 

= £/ 2p 

^ A 72 /’ > 

= s r 

P iVi v 2 P =,./2 P y 2 

= f / 2p l-(y-(2p-l)) 

P =iA 


f k+] {(-i)M 


Ul ■'2/7—1 


-£f ^“,+ £(in 

ntl^p-1 y 2 V 


dy + ^ flny + — 
' p=A J 

2p+l 1 


2p+l 

2/> 


= 1 


1 -in- 277 


^V2p-1 2p — 1 

1 1 


2p 2p+l 
2p+l 


I I" 


2 p 2p+l 


+ ln 


[2p + l)(2p — 1) 


V 2p — 1 2p + l ' ' (2p) 2 


= 1 + In — , 


where the last equality follows from the Wallis product formula. 
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2.14. (a) Using the substitution \/x = t the integral becomes 

r k+l 0 f -*)■*, 

k= \ 


-Hi 


“i(^+i) 2 




(b) The integral converges if and only if a + 1 > y. Making the substitution 1/jt — f, 
the integral equals 




vdw. 


We have, since k a+2 < (jfc + m)“+ 2 < (&+ 1)“ +2 , that 

Ji ’ r) < Ji (p+i )**-•* ' 


Thus, the integral converges if and only if a + 1 > y. 

Remark. The convergence of the integral is independent of the parameter /3 , which 
can be chosen to be any real number strictly greater than — 1 . 

2.15. We have 



Let Jk = Jo {1} x^dx. Using the substitution 1/x = y we obtain that 


r dy 




= 1 


i 


i 


i 


“j \fan* k(m+l) k J \(fc + l)(m+ 1) A+1 (&+l)m* 

1 

k + k + 


1 1 


\( 1 n 

1 1 1 

[v(w + l) fc 

(m+l) k+l \ 
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= i + tTT ( ' 1 ^ K(t+1)_I)) 
_ i {(t+i) 
k k + 1 ‘ 


Thus, 


*=£ 


C(^+ i A _ y f\ _ i \ _ y C(^+ 1) ~ i _ 

*+i ; U k + l J t\ k+l 


since 2^! (C(* + 1) - l)/(Jt+ 1) = l-y [122, Entry 135, p. 173], 
For an alternative solution, see [31]. 


2.16. The solution is given in [51]. 


2.17. For a solution see [50], 

2.18. The limit equals 1 / (k+ 1). Let a n = /q 1 {n/x} k cbc. Using the substitution n/x = 
t, we get that 




b n 

C n ’ 


where b n = i„°° {?}* / r 2 dr and c n = l/n, and we note that b„ converges to 0 since 
b n = f„{t} k /t 2 dt < f„l/t 2 dt = l/n. For calculating lim„_ >0 o«„, we use Stolz- 
Cesaro lemma (the 0/0 case) and we get that 



For an alternative solution, see Problem 1.70. 

2.19. We prove that L = 0. Let x n = /q {n/x}" cbc. Using the substitution n/x = f, 
we get that 


=n tJ'v^w dy=n L lyr {t,(dw) dy - 
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Since 1 /(A + l) 2 < 1 /(k + y) 2 < 1/A: 2 , for positive integers A, and y £ (0,1), it 
follows that 



which implies that lim = 0. 

The second limit equals 1 . We have, based on the preceding inequalities, that 


n~ (it 2 
n+l ^ 6 



<nx n < 


n+l 



and the result follows since n (k 2 /6 — X/= 1 1 /A 2 ) = 1 . 

2.20. The integral equals 1/m — £ (m+l)/ (m+l). See the calculation of Jk from 
the solution of Problem 2.15. 

2.21. and 2.22. Let 


%J (p+y) m - +2dy = L y (j#+>/^) dy ' 


Since 


we have that 


= . 1 [~ e~ {p+y]u u m+] &u, 

h y) 2+m (m + l)!./o 


y t 

p =i {p+y ) m+2 


l 

(m+l)! 


Y [°° e~( p+y K m+l du 

p=i-/o 


1 

(m + l)! 
1 

(m+l)! 


X 

X 


u m+l e~ yu 
e“ — 1 



d u. 


d u 


(2.5) 
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Combining (2.4) and (2.5), one has that 
1 


V k , m = 


(m+1)! 

1 


(m+1)! 


t 


Let J/, = Jq y k e yu d y. Integrating by parts we get the recurrence formula Jp = 
-e~ u /u-\- (k/u)Jp-\. Let ap = Jpu k /k\ and we note that ap = ~ 77- • jt + <+- 1 ■ This 
implies that 


f u u 

a k = TV 


u \k\ ' (k- l)! + "' + l! 


1 — e u 


t u It u u u 

= ~[e -( 1 + YT + 2! + '" + ^! 
U k+ j 


« P (k+j)V 


Thus, 


and it follows that 




pAk+i)'- 


1 “ k\ r u m+j e~ l 

k,m- , 1 M L (irMi)J 0 e“ — 1 


(m+1)! p 1 (k + j)\ j 


du. 


On the other hand, 


/o' 


e“ — 1 


dw = 



£ e“ pu dM 
p=o 


= i r u m+j e- {2+p)u du 

Po J ° 

= y r(m + j+l) 
p =0 (2 + p ) m ^' +1 

= (m + 7)!(£(m + i+l)-l). 
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Hence, 




(»■+ 1)« jt! (*+/» 

it 

m + i J= | 


When k = m, one has that 
1 


1) _ 1 C(2) + C(3) + - + C(m+1) 

m + 1 


since 2“ =1 (C(j+l)-l) = 1. 

Part (b) of Problem 2.22 follows from the calculation of V^ m combined with the 
formula I“ =1 (C(j + 1) - 1 )/(j+ 1) = 1 - 7- 


2.6.2 Double Integrals 


But just as much as it is easy to find the dijferential of a given 
quantity, so it is difficult to find the integral of a given 
dijferential. Moreover, sometimes we cannot say with certainty 
whether the integral of a given quantity can be found or not. 

Johann Bernoulli (1667-1748) 


2.23. (a) The integral equals 1 — fj ■ We have 



Using the substitution xy = t, in the inner integral, we obtain that 


/ = 



dx. 


Integrating by parts, with 

/w= /„'{rbb /w= {rb}' *«-* 


2.6 Solutions 
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we obtain that 



where the last equality follows from Problem 2.20 when m = 1 . 
(b) The integral equals 


1 

k 



cu+m 

7 + 1 )' 


Use the same technique as in the solution of part (a) of the problem. 
2.24. Let denote the value of the double integral. We have 



We calculate the integral by parts, with 


dr. 



g'{x) = 1 and g(x) = x. and we get that 



r2 r2 rl f 1 'j m 

= 2 / t~ m dt— / t l ~ m dt+ / x< - > dr. 
7i 7i Jo {x ) 
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When m = 1, one has that 


h = 21n2 — 1 + 



where the equality follows from Problem 2.20. 
When m = 2, one has that 



2 


dr = — — In 2 — y— 
2 ' 



I 2 = 1— ln2 + 


where the equality follows from part (b) of Problem 2.22. 
When m > 3, one has that 


(m — 1) (m — 2) + (m — 1) (m — 2) "*~ 



(m-l)(m-2) + (m-l)(m-2) + 2 


, m\ “ (; + !)! 
2 ^ (m + j ) ! 


(C(y + 2)-l), 


where the equality follows from part (a) of Problem 2.22. 

It is worth mentioning that the case when m = 1 was solved by an alternative 
method in [106], 

2.25. We have, based on the substitution y = xt, that 



We integrate by parts, with 



g'(x) = x and g(x) = x 2 /2. and we get that 


/ = 



c 2 /•(!-*!/* d t 


Jo 





2.6 Solutions 
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2 m k \m m+l J 

= IJ- 

Let S k = I” =1 \/{m k {m-\- 1)). Since = ^ - mk ^ m+1) , one has that 

S k = £(fc) - S k This implies that (-1)*S* = (-1)*£ (it) + (— l)* _1 Sjfc_i, and it 
follows that = (-1)* +1 + I* =2 (-l)* +y '£(j). Thus, 


Remark. We mention that the case when & = 2 is due to Paolo Perfetti [99], 

2.26. The integral equals 1 + \(k — £ (2) — £(3) £(fc+ 1)). We have, based 

on the substitution y = xt , in the inner integral, that 


1 = 


d y 


(LVyj + if 



l/x 


* ) 

CUAJ + 1 ) / 


dx. 


We integrate by parts, with 


(UAJ+iy 

g'{x) = x and g(x) = x 2 /2. and we get that 


m = [ 

Jo 

(*)=x 2 /: 

<-{U 

u 


d t 


, f'{*) = — 2 


^(W + if 


d t 


(UAJ + i)' 

dt 


: ) L. + A 


dx 


(W + iA 


2 J 0 (H/fJ + 1)* 2 

i r du i 


+ 1 Cbc 
Jo 


*ir^j 

2 Ji u 2 ( _u 

i ~ r m + l 

-2 lJ. ? 


[2 (lxl + ir 2 


dn 


1 

+ - 


(m + l)* 2 




1 


2 ^ (m+l)* +1 m 2 


and the result follows from Problem 3.8. 

2.27. See [88] or the solutions of Problems 2.28 or 2.29. 
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2.28. We have, based on the substitution kx/y = t, that 


Jo \J o [ y J 

Integrating by parts, with 


-dt due. 


/W = lF Ld '' ns) = -'la?' 


g'(x) = x and g(x) = x 2 /2. we get that 


I = k 


t {\£ l 7 ,k+ Tkl' lla}ix )- 


( 2 . 6 ) 


A calculation shows that 


f 1 1 /* l k ~ l rj+ 1 1 *-l rj+ 1 1 

f 0 V°‘}*‘=-J o Wy=- k -Ljj M d >=- k jJ <y-My=z- 


(2.7) 


On the other hand, 


f»d,= £( 1 „iti-A T )= 1 + l + ... + l- | n t - 7 . (2.8, 

Combining (2.6)-(2.8), we get that the integral is calculated and the problem is 
solved. 

Remark. We also have, based on symmetry reasons, that 

/e 

Jo Jo { i } my = Jo {Jo { f } ' "O' ‘ Hi x (/3 d *) ^ 


2.29. We have 
/ = 

Integrating by parts, with 


/w =/;«d,, /(,)— i. i|i, 


2.6 Solutions 
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we obtain, since { ™ for x e [0,1), that 

T m ( x 2 {t} , 1 1 n t 1 fttui 


2 n 


2 n 


, l«+'-r+k 


- — In — I- - — y . 
2n\ m 2 1 1 


Remark. It is worth mentioning that, when m > n, the integral equals 

2 i 2 


m / « „ 1 1 an x . y 

2^( ln m + 1 + 2 + '" + q“ 7+ 2*# 


2mr^ 


where q and r are the integers defined by m = nq + r with r <n. 

2.30. Using the substitution t = x*/y, in the inner integral, we obtain that 


Integrating by parts, with 


/w =/;«dt, f(x)=- k ^ i i, g'(*)=/, *(*)= 


x* +1 

&TT 






cbc 


dr. 


we obtain that 
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_ 1 — 7 k 
= k+l + {k+l) 2 
2k+l y 
- {k+l) 2 k + 1 


2.31. and 2.32. We have, based on the substitution x/y = t, that 



We integrate by parts, with 

f(x) = J~^dt, /'(*) = -Mt, g'(x)=x, g(x) = j, 
and we get that 


4 = 





1 

2(4+ 1) 


ly | 1 _ 1 y CO’+l)- 1 1 

2 k '° 2(k+l) 20 ' fyy 2(4+ 1) ’ 


(2.9) 


where the last equality follows from the calculation of V^ m (see the solutions of 
Problems 2.21 and 2.22). 

On the other hand, we have, based on the substitution l/x = t, that Jq { ^ } dr = 
/“ ^j-d t, and the equality 



- > dr + 


2(4+1)’ 


follows from the first line of (2.9). 

The case k = 2. (this is Problem 2.31) 



C(p+ 1)-1 1 

(p+l)(p + 2 ) 6 


“ g(p+l)-l y C(p+ 1)-1 1 

P=1 P + 1 P=1 p + 2 6 


1 y 1 d( 2 tt) 

3 2 + 2 


since I£ = 1 (C(p + 1) - 1 )/(p + 2) = 3/2 - y/2 - ln(2w)/2 [122, p. 213] and 
i; = 2 (C(p)-l)/p= 1-7(122, p. 173], 


2.6 Solutions 
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2.33.-2.35. We have, based on the substitution x/y = t, that 


- } y m Ay\ d* 


:dy = [ 

Jo xP Wo (y 


d t dx. 


We integrate by parts, with 

5 w 


= jdt, f'(x) = -^, g \x)=X m+ '-P, g(x) = 

and we get that 

xP \m + 2-pJ x t m + 


x m+2—p 

m + 2-p’ 


+ t x k - p dx 

' 2-pJo 


1 r°° {t\ k j 

2-pJi t m + 2 t + 


m + 2- p 

, ^ + I 

m + 2-p (m + 2- p)(k- p + 1) 
k\ 


x=l 

x=0 m + 2 — p 
1 

(m + 2-p)(k-p+\) 


(m + 2 — p)(m+\)\ (k + j)l 

1 

+ (m — p + 2)(k — p + 1)’ 

When m = k (this is Problem 2.34), we have that 


i£±4Ww)-i) 


[ 1 [ X [x\*J - 1 C(2) + C(3) + - + C(^+l) 

Vo Jo \y J xP k — p+1 (k + 2 — p)(k+l) 

When m= p = k (this is Problem 2.33), we have that 


g(2) + C(3) + - + C(*+l) 

2(*+l) 

2.36. See [3], 

2.37. See the solution of Problem 2.38. 
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2 . 38 . Recall that (see the calculation of Jk in the solution of Problem 2 . 15 ) if a > 0 
is a real number, then 



C(« + 1) 

a + 1 


( 2 . 10 ) 


We calculate the double integral by making the substitution y = xt, in the inner 
integral, and we get that 


1 = 




dx = 



dx. 


We integrate by parts, with 

g'(x) = x 2n+ 1 andg(x) =x 2 " +2 / (2«+2), and we get, based on (2.10) with a = n+\, 
that 



1 / 1 C(»+2) A 

n+ 1 V«+l « + 2 J ' 


2 . 39 . See [132], 

2 . 40 . and 2 . 41 . We have, based on the substitution x/y = t, that 



We integrate by parts, with 



g'(x) = x and g(x) = x 2 /2, and we get that 


2.6 Solutions 
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Im,k = 



1 

2 

1 

2 






dx 


( 2 . 11 ) 


Recall that (see the solutions of Problems 2.21 and 2.22) 


V*,, 



k\ 

(w + 1) 


tS 

* V — 1 


(« + j)! 
(*+;)! 


(C(m + j + l)-l). 


Thus, 


4,m=^ + ^, m = 


W+W-^iJn + jY-^ J+ )_: 0 




2(m+ 1)! “j (fc + y)! 


When k = m (this is Problem 2.40), one has 


\z \ dxd y= X(£( w +-i +1 )~ l ) 


= l- 


C(2) + g(3) + -- + C(m + l) 
m + 1 


since £“ =1 (£(p+ 1) - 1) = 1 (see [122, p. 178]). 
2.42. 1 . Let m = [a\ be the floor of a. We have 


ra+k rm+l k+m— 1 / \ /•£+# 

J a {x}d x = J a {,}d*+ X +I (jf {xjdxj + J k+m {x}dx 


/•m+1 A:+m— 1 / *j+l \ /*A:+<z 

/ (x-m)dx + ( /. (•*-;) dx) + (x-k-m)dx 

Ja j=m + 1 Vi / Jk+m 


k 

2 
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2. The integral equals (l/2)ai ■ ■ ■ a„ . Let I n be the value of the integral. We have 

= r •• • r (r +«+ - - ■ d *->- 

Using the substitution k(x\ H \-x n ) = y, in the inner integral, we get that 

ra n 1 rk(x H \-x n -i)+ka n 

/ {k(xt+x 2 + --+x n )}dx n = r {y}dy 

Jo k Jk(xi-\ hr„_i) 

a n 

= T’ 

where the last equality follows based on the first part of the problem. Thus, 



2.43. See [135], 


2.6.3 Quickies 


A mathematician 's reputation rests on the number of bad proofs 
he has given. 

A.S. Besicovitch 


2.44. We have 


[ l {nx} k cbc*S?i /Vd;v=-l! r\-j) k dy=-I 
J o nJo n j=o J j n j=oJ° k+1 


2.45. The integral equals 1/2. Let I denote the value of the integral. We note that if 
x is a real number and x is not an integer, then 


{*} + {-*}=!• 
We have, based on the substitution x = 1 — y, that 


( 2 . 12 ) 
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2.46. The integral equals y — 1/2. We have 



and the result follows from Problem 2.10. 

2.47. The integral equals (m!) 2 / (2(2 m + 1) !). We have 


/ = 




x"‘(l — x) m dx 


x=l_-y 



y m {\ —y) m dy 


( 2 . 12 ) 


/ 



>> m (l -y) m dy 


= / v m (l — y) m dy — / = B(m + l,m + 1) — /, 


where B denotes the Beta function. 

2.48. First, we note that if n is a positive integer, then {n(l — >’)} = 1 — {ny}, for all 
y G [0, 1] except for 0, 1. Since the Riemann integral does not depend 

on sets of Lebesgue measure zero (or sets with a finite number of elements), we get, 
based on the substitution x = 1 —y, that 


I=J q (x-x 2 ) k {nx}dx= (y-y 2 ) k {n(l-y)}dy 

=J 0 \y - /)* 0 - {»y}) d? =[(y~ y 2 ) kd y - 1 

= B(ifc+l, *+!}-/ 

(fe!) 2 

(2t+l)! ' 


Remark. It is worth mentioning that if / : [0,1] — ^ M is an integrable function, then 

/ f(x-x 2 ){nx}dx=l [ f(x — x 2 )dx. 

Jo 2 Jo 
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2.49. Use the substitution x = 1 — y and identity (2.12). 

2.50. The first solution. The integral equals 1/2. We have 


< = j; (£{x-y}dy + j\x-y}dy)dx. 


We note that when 0 < y < x, then 0 < x — y < 1 , and hence {x — y}=x—y, and when 
x < y < 1, then — 1 < x — y < 0, and hence, {x — y} =x — y— \_x — yj = x — y+ 1. 
It follows that 


The second solution. By symmetry, 

r\ /■! 


J^J*(x-y)dy + j\x-y+l)dy S )dx=^. 

n. By symmetry, 

1= [ l (\x-y}dxdy= f\y-x}dxdy. 

Jo Jo Jo Jo 


Hence, 

I=\{I+I)=\tiSo{{x-y} + {y-x})dxdy {2 ¥ ) i/ 0 V>dy= 


because the set on which the integrand is 0 is a set of measure 0. 

2.51. We have, based on symmetry, that 


1 = 



*-y \ 

x+yj 


> drdy = 



cUdy. 


Thus, 



2 Jo Jo 


drdy = 


1 

2 ’ 


because the set on which the integrand is 0 is a set of measure 0. 

2.52. Use symmetry and identity (2.12) and Problem 2.1. 

2.53. The integral equals 1 /2. Use symmetry and identity (2.12). 

2.54. The integral equals l/(2(m+ 1) 2 ). Use symmetry and identity (2.12). 

2.55. The integral equals l/(2(m+ l) 2 ). First, we note that if n is a fixed positive 

integer, then {«( 1 — a)} = 1 — {na}, for all a G [0, 1] except for 0, l -, f r ■ ■ ., 1. 

We have, by symmetry reasons, that 


•=ui = £ £ { 


2.6 Solutions 
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and hence, 


1 = 



x m y m dxdy 



2(»»+l) 2 " 


1 


We used that 


x+y 


nx 



x + y 


for all ( x,y ) £ [0, l] 2 , except for the points of a set A of Lebesgue area measure zero. 
The set A is the set of points for which k = 0, 1, . . . ,n, and hence, A turns 

out to be the union of n + 1 lines through the origin. 

2 . 56 . The integral equals l/(2(m+ 1) 2 ). See the solution of Problem 2 . 55 . 

2 . 57 . Use symmetry and identity (2.12). 


Chapter 3 

A Bouquet of Series 


Even if we have thousands of acts of great virtue to our credit, 
our confidence in being heard must be based on God’s mercy 
and His love for men. Even if we stand at the very summit of 
virtue, it is by mercy that we shall be saved. 

St. John Chrysostom (347^t07) 


3.1 Single Series 


An expert is a man who has made all the mistakes that can be 
made in a very narrow field. 

Niels Bohr (1885-1962) 


3.1. Let n,m> 1 be integers. Prove that 

r « 1 = » _ 1 y 1 g 2 nikl/m 

Imi m m £ [ " 

where {a} denotes the fractional part of a. 

3.2. Let n be a positive integer. Prove that 

i \k ■ n klt l + (-l)" nit 

X(-l) sin" — = ^ — • n ■ cos — . 


3.3. Let a > 0 be a real number. Discuss the convergence of the series 

X((2-v/i)(2-^)-..(2-</i)) a . 

n= 2 


O. Furdui, Limits, Series, and Fractional Part Integrals: Problems in Mathematical 
Analysis, Problem Books in Mathematics, DOI 10. 1007/978-1-4614-6762-5 _3, 

© Springer Science+Business Media New York 2013 
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3.4. Let j3 > 0 and let a > 0. Prove that the series 


^ rfi (cos lcos2- • -cosn)“ and (sinlsin2---sinn) < 

n = l n= l 

are absolutely convergent. 

3.5. Discuss the convergence of the series 

“ n i , ■ i 


£ xS in}+sin^+...+sini ; xe ( 0) l). 


3.6. Prove that the series 

^ cos 1 cos 2 2 • • • cos" n and sin 1 sin 2 2 • • • sin" n 

n = 1 n=l 

are absolutely convergent. 

3.7. Let / be the function defined by f(n) = \n2/2 k 1 if 2* -1 <n<2 k . 
1 


5U- yw r r - 

3.8. Let n > 1 be an integer. Calculate the sum 

Y I 

3.9. Let n > 1 be an integer. Calculate the sum 


y I 

"*»(*+!) 


*=i 

3.10. Let n > 1 be an integer. Prove that 

V’ 1 


~ l k(k+l)(k + 2)---(k + n) n-nl 




Prove that 


3.11. Prove that 



3.1 Single Series 
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3.12. Calculate 




3.13. 


and 


3.14. 


Integrals to series. Let a > 0 and let p > 1 be an integer. Prove that 
n ~ 1 rl 

,p-l+a-x a a 


“j (a + p)( 2a + />)••• (na + p) 

y (— l) n l a n 1 

„=1 ( a+p)(2a+p)---(na+p ) 

Calculate the sum 


e / 
./o 


= e/ x p - l+a e~ x dx 


1 \\r- x+a <? dx. 

Jo 


!; H + i + - + — 


3.15. Prove that 


3.16. 


^ 1/1 1 1 

j/tVn+1 n + 2 n + 3 

Find the value of 


»|C(2)-l]n 2 2. 


v 1 /, 1 1 (-1)" - 

_ , ft z V 2 3 ft 


3.17. Calculate 






3.18. Let p > 2 be a real number. Find the value of 

l( CW -?-5--5 


3.19. 


IP 2 P 

Let p > 3 be a real number. Calculate the sum 


i»(t 
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3.20. An Apery’s constant series. Prove that 



3.21. Prove that 


£ 

n= 1 


1 

n 2 



= |«4). 


3.22. A quadratic series, £(3) and £(4). Prove that 


^ 12 22 


2 


= 3C(3)-|C(4). 


3.23. Find the value of 

y C W ~ 1 

*=2 k+l • 

3.24. Show that 

^f(*)-i 11 r in(27r) 

j^ 2 k+2 6 3 2 


3.25. Find the value of 


£ 


C(2*)-l 

yfe+1 


3.26. (a) Prove that lim„_>«, (n - £(2) - £(3) - • 
(b) Calculate 

• — ?(«)) = o. 

£ n(n— C(2) — C(3) 

„=2 

■-£(»))■ 






3.2 Alternating Series 
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(continued) 

The Digamma function, i/a, is defined, for * > 0, as the logarithmic derivative 
of the Gamma function, yr(x) = Y'(x)/Y(x) [122, p. 13]. 

3.27. Let a be a real number such that \a\ < 2. Prove that 



3.29. Prove that 


s 

n=0 



1 1 

n + 2 n + 3 


2 

= ln2. 


3.2 Alternating Series 


If I have been able to see further, it was only because I stood on 
the shoulders of giants. 


Sir Isaac Newton (1642-1727) 


3.30. Let p > 2 and k > 1 be integers. Find the sum 



where \a\ denotes the greatest integer not exceeding a. 
3.31. Let A: > 2 be an integer. Find the sum 

f H) n 

“j n\(n + k) 
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3.32. Let x be a positive real number. Prove that 


I (- 1 )"“ 1 ^ = ln2 - v'W + + 1 A , 


where t// denotes the Digamma function. 

3.33. Find the sum 


-H- 


3.34. Find the sum 


K-l)" ln2 


3.35. Four Hardy series. 

(a) Prove that 


2 3 n 


1 Inn y _ ln8 ln7r n + 7 


3 2 n - 1 2 2 


4 4 8 4' 


(b) Let k > 1 be an integer. Prove that 


1 1 1 


'Z(-l) n [l + -+ - + ■■■+ --Hn + 2k)-y) =£-ln 


y y/n{2k— 1)! 

" 2 2 *k\ 


Y J (-\) n (l+ l -+ l - + ---+ l --\n{n + 2k+\)-y 


y 2* +1 it! 

' 2 n (2£+l)!!V7r‘ 


3.36. An alternating Euler constant series. Prove that 


Xt-ir'^-ln— )= ln -. 

, V n n n 


3.37. Prove that 


^(— 1)” ( nln 1 ) = 1 + (ln7r)/2 — 61nA+ (ln2)/6, 


where A denotes the Glaisher-Kinkelin constant. 



3.2 Alternating Series 


145 


3.38. Prove that 

where A denotes the Glaisher-Kinkelin constant. 


3.39. An alternating series in terms of Stieltjes constants. 

(a) Prove that 


X(-1)* 


.Ink In 2 2 


- yin 2. 


(b) More generally, if n is a nonnegative integer, show that 

10V"* 


3.40. Prove that 

£(-1)" (c(l + ^)-«-7)=nln2+£^y i (2 1 - t -l)C(k), 

where % denotes the Stieltjes constant. 


3.41. Find the value of 

£ 

n= 1 


(-0"~ 


1 1 
2 + 3~' 




3.42. Prove that 

3.43. Prove that 

f(-l)*- , i(l + i + «. + i-tai-r-k)=-|-l + 3taA-ito2. 


Catalan’s constant, G, is defined by the series formula [43, p. 53] 

~ (- 1 )” 1 1 . 1 1 | 

~q (2n+ 1) 2 l 2 3 2 + 5 2 P 


(continued) 




146 


3 A Bouquet of Series 


(continued) 

It is also related to Dirichlet’s beta function 

= *>». 

so G = j3(2). 

3.44. A quadratic alternating series. Prove that 


X(~ 1)" fln2 — ] = — — — ln2— - In 2 2+ — . 

; V n+1 n + 2 2ni 48 8 8 2 


3.45. Prove that 




1 + 2 n + 3 


. 02 ) 

4 


3.3 Alternating Products 


What we know is not much. What we do not know is immense. 

Pierre-Simon de Laplace (1749-1827) 


3.46. An/2 product. Let p> 2 be an integer. Prove that 


n 

n= 1; 





n 

2 ’ 


where [aj denotes the greatest integer not exceeding a. 


3.47. Let p > 2 be an integer. Find the value of 


n >- 


\.m) 


where [aj denotes the greatest integer not exceeding a. 
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3.48. Calculate 


n ( 1 + „ 2 ) and n(i-^ 


3.49. Calculate 


3.50. (a) Calculate 


5(31 


(-i) n - 


n 

n= 1 


n (2n-l)!!v^n+I 
2 2"n! 


(- 1 )" 


(b) More generally, if x ^ nn is a real number, find the value of 

V (- 1 )" 


rjL/i_^v.. 

( x * 2 XV 

\sinx V n 2 ) 

V (nn) 2 )) 


3.51. The Gamma function and an infinite product. 

(a) Find the value of 


n 

n= li 


/ 2m + 2n — 1 

)( 2n ) 

V 2n — 1 

) \2m + 2n) 


where m denotes a positive integer. 

(b) More generally, if 9t(z) > 0, find the value of 



3.52. A Glaisher-Kinkelin product. Prove that 

^ 1 / 2 n \ (4 "“ 1)/2 _ A 3 
JJj e \2n — 1/ 2 7 / 12 7t 1 / 4 
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3.53. A Stirling product. Prove that 



A 3 

2 7 /12 7 r t/4- 


3.4 Harmonic Series 


. . . and I already see a way for finding the sum } + \ + 5 + 
etc. 

Johann Bernoulli (1667-1748) 


The nth harmonic number, H„, is the rational number defined by H„ = 1 + 1/2 + 

1/3 H f 1 /n. The first four harmonic numbers are H\ = 1, H 2 = 3/2, H 3 = 1 1/6, 

W 4 = 25/12. 


3.54. Prove that 


3.55. Prove that 


3.56. Prove that 


3.57. Prove that 




£f»2{(3>- 

n = 1 n 




|(_l)-'5L = -l(,4n2-41n 3 2 -9C(3)). 


3.58. A series of Klamkin. Prove that 
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3.59. (a) Prove that 


2 3 n+l J n(n+ 1) 


(b) More generally, for k = 1 , 2, . . . , one has that 


1/1 1 


2 n + kj n(n+ 1) • • • (n + k) k*k\\k 2 k 


3.60. Let n > 2 be an integer. Prove that 


\k(k+l)(k + 2) — (k + n) n\ V 6 2 2 


3.61. Harmonic numbers, £ (2) and £ (3). Let n> 2 be an integer. Prove that 


\k 2 {k+l)(k+2)---(k + n) n 


= ^T W)- 


- — y - 


k\ 6 2 2 (k- 1) 


3.62. The nth harmonic number and the tail of £(2). Show that 


n V 2 n 


« 2 )-ip)=jt(4). 


3.63. Prove that 


3.64. Prove that 


H„-\nn-y y 2 n 2 


y 1 A ^ 1 1 1 \ yi 1 + 2 + n 7T 2 

„ti n V ~~ n + 2 2n) ~ “J (2n+l)(2n + 2) ~ 12 


3.65. Prove that 


y 1 / 1 1 1 \ 5n 2 3 In 2 3 

n+l n + 2 3n ) ~ 36 4 
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3.66. Let m > 2 be an integer. Prove that 

■y, lnm — ( H nm — H n ) _ (m— l)(m + 2) 2 1 Jn 2 ;j ^ \n 2 ( 

„= i « ~~ 24m 2 2 n \ 

2 sin — ^ . 

™ / 


3.67. Let k > 2 be an integer. Prove that 

/ A; — 1 \ A: — 1 7T t, 1 in 

£ (int-fli, +i/„ - — j = — - ^ I ycot y - 

In k 

~Y' 


3.68. Let k > 2 be an integer. Show that 

£(- 1)"- 1 (In* - -/*„)) = ^ ln2 + ^ 

n L*/ 2 J to; 

-4 X(*+l-20cot^ 

z/c /=1 

'-\)n 

2k 


3.69. Let k > 1 be an integer. Prove that 

£ ^ = #+± n 2 _ I £ in 2 | 

n=l « 24A: 2 “ 1 


y 


3.70. A quadratic series of Au- Yeung. Prove that 
(H n \ 2 17tt 4 


I 

n= 1 


360 ' 


3.71. A special harmonic sum. Prove that 
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3.72. Nonlinear harmonic series. Let k and m be nonnegative integers and let 


rp, v Hn+k Hn+m a c V Hn+k 

T k,m=\— ~r~ — and s k=\ rr- 

n + k n + m n n + k 


(a) Let k > 1 be an integer. Prove that 


*-i (k - 1 

i = o 


1 


J ) (/+ 1 >•' \j+ • * 

(b) Let 1 < A: < m be integers. Prove that 


3 2\ t ft 2 H k [ 2C(3) 1 * 

i ^ L. 


6 it 


t i + m — k 


3.5 Series of Functions 


The cleverest of all, in my opinion, is the man who calls himself 
a fool at least once a month. 

Fyodor Dostoevsky (1821-1881) 


3.73. Let x > 0 be a real number and let n > 1 be an integer. Calculate 

y 1 

ti kn {k+xy 

3.74. Let k > 1 be an integer. Find the sum 

m<>. 


3.75. Let k > 1 be an integer. Find the sum 



2 
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3.77. Let p > 1 be an integer and let x be a real number such that \x\ < 1 . Prove that 


i-Ai 

n= 1 " \k = 0 


1 -XP 


ln(l —x p ) 


1 -xP 


and 


V - f y ( -l)V = 

’ ]+xP J 


ln(l +xP) 
1+xP 

3.78. Let x be a real number such that |x| < 1. Find the sum 



3.79. Find the sum 


I 



x 2 

Y 



M < i- 


3.80. Find the sum 


n = t 


/ 1 X 2 

x"\ 

/ 1 





(l-x 

1 — x — x 2 


3.81. A cosine series. Let x e (0, 2k), let k > 1 be an integer and let 

cos nx 


k X ~ l n(n+l)(n + 2)---(n + k) 


(a) Prove that S^x) equals 
(2sinf)* 


k\ 


( n-x)k 




x\ n-x . ( K-x)k X, cos — — 

' - sin - — — — + 2) 


2 j= i j (2 sin f) 


(b) Show that 


= ^(_ ln2 , Y _L 

»(« +!)(« + 2 )- --(n + k) k\ l S./2* 


(-1)" 
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The Cosine integral, Ci, is the special function defined by [62, Entry 
1.230(2 10 ), p. 878] 


ciW^jT^d*, ,>o. 


3.82. A Cosine integral series. Prove that if 0 < a < 2n, then 

^ Ci(an) K 2 , 2n „ r, na a 2 
J,^ Y 1 = --r\n — + 2n 2 \nA-— + -. 
n A 6 a 2 8 


3.83. Find the sums 


iff 


M < i 


and 




W < 1. 


n=1 m=1 

3.84. Let p be a nonnegative integer and let x be a real number. Find the sum 

jn+p 


r -‘-friT a 


( n + p)< 


3.85. Let x be a real number. Find the sum 


n=l 




3.86. Let x be a real number. Find the sum 

x x z 

r \ er - 1 - 


W-'-TTir'-a 


3.87. Let p > 1 be an integer and let x be a real number. Find the sum 

^./x" x” +1 x”+f 

K- 1 ) b+^-^+" +- 


n! (n+1)! 


(n+p)! 


3.88. Let / be a function that has a Taylor series representation at 0 with radius of 
convergence R, and let x £ (—R,R). Prove that 



154 


3 A Bouquet of Series 


f M fi 


1 , , 

X x 2 


\ — 

1! 2! 

-nl)=L 


XT T = 


*/(*)*• 


3.89. An exponential series. Let / be a function which has a Taylor series 
representation at 0 with radius of convergence R. 

(a) Prove that 



(b) Let asl*. Calculate 


£«' 



2! 



3.90. Let / be a function which has a Taylor series representation at 0 with radius 
of convergence R. 

(a) Prove that 


I«/ W (0) (**- 

(b) Let agl. Calculate 


*2 

2! 


«•) =!? f ' /,(0d/ ’ h <r - 


n= 1 



x X 2 


TT 2T 

n\) 


3.91. Let / be any function that has a Taylor series representation at 0 with radius 
of convergence R, and let 


T n ( X )=m+ 


A 0 ) 

1! 


X-\ b 


/ (n) (0) -T n 

n! 


denote the nth-degree Taylor polynomial of / at 0. Calculate £“ =1 (f( x ) ~ T„(x)) 
for \x\ < R. 

3.92. Let / be any function that has a Taylor series representation at 0 with radius 
of convergence!?, and let T n denote the nth-degree Taylor polynomial of / at 0. Find 
the sum£“ =1 (— l) n_1 (/(x) — T n (x)) for \x\ < R. 
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3.93. An infinite sum of a function with its Taylor polynomial. Let / be any 

function that has a Taylor series representation at 0 with radius of convergence 
R, and let T n denote the nth-degree Taylor polynomial of / at 0. Find the sum 
S“ =1 x” (f(x) - T n (x)) for |x| < R. 


3.6 Multiple Series 


How can intuition deceive us at this point? 
Jules Henri Poincare (1854-1912) 


3.94. A double alternating series. Find the sum 


££ 



where [a\ denotes the greatest integer not exceeding a. 


3.95. Let a> 4 be a real number. Find, in closed form, the series 


££ 


i 


where \a\ denotes the greatest integer not exceeding a. 

3 . 96 . When does a double series equal a difference of two single series? 

Suppose that both series £Jj° =1 a k and 5X=i ^ a k converge and let <7 and o denote 
their sums, respectively. Then, the iterated series Xn=i Zm=i a n+m converges and its 
sum s equals 0 — 0 . 

3.97. With the same notation as in the previous problem, let us suppose that the 
series X,7=i a n converges, that 02 ,, = o(n), and that the limit £ = lim„_ >M (na 2 n + 
02n-i) exists in R. Then, the iterated series X7=i X,7=i a n+m converges and its sum 
s equals l — o. 


The logarithmic constants, 8 n , are the special constants defined by 


8 n = lim 



(-1)"(C«(0 )+«!). 


(continued) 
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(continued) 

In particular 5o = 5i = \ \n{2n) — 1 . These constants, which are closely 
related to the Stieltjes constants, are recorded in [43, p. 168]. 


3.98. (a) Prove that 

|| ( _ ir «^.( lnf+lnJ2 _ 2rln2) 

(b) More generally, let p be a nonnegative integer and let 

„ln P(n + m) 


S(p)= HR)' 


n + m 


Prove that 


S(p) = 2 X K Siln?- 1 !- S p + 7p - £ K Ji 1n p ~‘ 2 


ln p+1 2 




p + 1 

where the last sum is missing when p = 0. 

3.99. Find the sum 


IK-i 

n=lm=l 


3.100. Find the sum 


s. n+m 11 n+m 

n • m 


m H n H m 
n + m 


3.101. Prove that 


X £(-l)"+” HnHm =-— -ln2+l- 

iii; J »+»+i 2 


3.102. Let fc > 1 be an integer. Evaluate, in closed form, the series 
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3.103. Prove that 



n 2 In 2 In 2 2 

12 2~ ~T~ 


3.104. Let k > 1 be a nonnegative integer and let Af, be the series defined by 


*=X X- 

n\ = \ «2=1 


^ (_\y\+n2+-+n k 

n k=\ 


Hm+n 2 +-+n k 

ni+n 2 -\ I -n k 


(a) Prove that 


Ai 


= X(-D' 

n= 1 


H„ 

n 


In 2 2 7t 2 

- 2 12 


(b) Show that, when k > 2, one has 



(~iy 

ii)? 


X 


Aj+i) 


ln2— 1 + 




3.105. A logarithmic series. Let & > 1 be an integer. Calculate 


X- 


m=i 


X(-1) 

r>k = 1 


«l+«2H bn* 


ln(wt+«2 + ---+w t ) 
«t + «2 H 1- 


3.106. An alternating Hardy series. Prove that 


XX (-1 )” +m 



= — 31nA + 


7 

12 


ln2+ - \nn — 
2 


1 

4' 
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3.107. Calculate 


X X(-l)" +m ln2- 


n + m+1 n + m + 2 2 (n + m) 


3.108. Let p and Pi,i= 1 be positive real numbers. Prove that 


{ ( k Pl +k P2 + ... +k Pny 


Pi Pi Pn 


3.109. Let k> 2 be an integer and let —1 < a < 1 be a real number. Calculate 
the sum 


, «i+n 2 H b n k 


3.1 10. Let aj,i=l,...,k,be distinct real numbers such that 1 < a,<l. Calculate 
the sum 


, ni +n 2 H b n k 


3.111. Let k > 1 and let p >0 be two integers. Find the sum 


s(p) = X 


:1 + m 2 H b mk + p) 


3.112. A factorial sum that equals 1. Prove that 


3.113. Find the sum 


3.114. Prove that 


y y 

hh (»+») 


ft • ftt 2 

h\h\ (n + m)\ ~ 3 e ' 


3.115. Let a and b be real numbers. Calculate 


^ ^ Cl u y ' Yl'tn rum 

XXt^at and XXt^i i ab 
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3.116. Let a and b be real numbers. Calculate 


y y ■ ” N a n ir and y y m a n b m . 

„=i i 0 + m) ! "j ", (n +*) ! 


3.117. Find the sum 


3.118. Prove that 


n> " =1 (n + m + p)!' 

n-m- p 31 
' =1 (n + m + p)l ~ 120 e 


n,m,p= 1 


3.119. Let k > 1 be an integer. Prove that 

y I = (_1)‘-1 f e V 

ni ,. Z n k =i^+n2 + -+n k )l 1 J V-fe 7- 


3.120. Let k and i be integers such that 1 <i<k. Prove that 

^ Tli e 

nx h k =\ (ni+n 2 + ---+n k )\ ~ kV 

3.121. Let p > 3 be a real number. Find the value of 


y y n 

„= i m=\ ( n + m) p 


The Stirling numbers of the first kind, s(n,k), are the special numbers 
defined by the generating function 

z(z- l)(z-2)---(z-n + l)= £ s(n,k)z k . 

k = o 

For recurrence relations as well as interesting properties satisfied by these 
numbers, the reader is referred to [98, p. 624] and [122, p. 56]. 
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3.122. (a) Let k be a fixed positive integer and let m> k. Then, 

V I 

n 1 ,..^=l( n l+ n 2 + --* + %) m 

= (FT! | S(t ' 0 - (t _ /)«,-, ) • 

where the parentheses contain only the term £ (m + 1 — z) when k = 1 . 

(b) Let k and i be fixed integers such that 1 <i<k, and let m be such that m — k> 1. 
Then, 


E 


Hi 

(n\ +«2H \-nk) m 


= l/L s (k,i)(c(rn-i)-l-^- 

where the parentheses contain only the term £ (m — i) when k 

3.123. A binomial series. 



= 1. 


(a) Let k > 1 be an integer and let m > 2k be a real number. Prove that 


I 


n\n 2 ---n k 

(«i+n 2 H Vn k ) m 


- (n+2k-\\ 
y 1 2k— \ ) 

“o ( n + k) m ' 


(b) Prove that if m > 4, then 


i £ 

n 1 = ln 2 =l 


n\n,2 

(ni+n 2 ) m 


= i(C(»-3)-C(m-l)). 


It is a problem of Wolstenholme 1 to prove that, if k £ N, the series S k = 1,7=1 n k /n\ 
equals an integral multiple of e, i.e., S k = B k e [20, p. 197] . The integer B k is known in 
the mathematical literature as the kth Bell number [29], [98, p. 623] and the equality 
S k = B k e is known as Dobinski’s formula [35], For example, B\ = 1, B 2 = 2, Bj = 5, 
#4 = 15, B$ = 52. One can prove that the sequence (Bf)^ verifies the recurrence 
relation 



Bj+ 1 . 


'Joseph Wolstenhome (1829-1891) was an English mathematician and the author of Mathematical 
problems. 
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3.124. Let m and k be positive integers. Prove that 


V («i+n 2 H h n k ) m _ 1 A / V^” ,+< " 

2 , III , xi — /; . \ . / B m+i _\e 2_, , 

i {nt+n 2 ---- + n k )l (k- l)t.£J ±i />! 


where the parentheses contain only the term B m+ ,_ i e when k = 1. 


3.125. A double series giving Gamma. Prove that 

y y C (n + m) — 1 _ 
A A n + m ~ 7 ' 


3.126. Calculate 


XX — 


n(£(« + m) — 1) 


3.127. Calculate 


y y m(£(2« + 2m) — 1) 


3.128. Let k> 2 be an integer and let be the series defined by 


S k = X 


C(»lH 1" Mfc) — 1 


(a) If / > 2, then 


(b) If/> 1, then 


, C(2/-l) C(2/-2) , C(2) , 

S2l = ^~l 21 — 2 ^ ^ + 7 - 


C(2/) C(2/-l) C(3) C(2) 

2 / 2/-1 3 2 


3.129. Prove that 


£ £(-i r +».J6 1 ±^Ll = |-i„2-r. 

ni+n 2 2 
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3.130. Let k > 3 be an integer and let A k be the series defined by 

A k — Y (_!)»! + ... + n k C(n l +- + n k )-l 

niJ&m " lH — Vnk 

Prove that (— 1 ) k+l A k equals 


?(L~1)-1-^t £(*- 2)-l- 

k - 1 k — 2 


^± + 7 + . n2-|. 


3.131. Two multiple zeta series. Let k > 2 be an integer. Calculate the sums 

X (C( n H l-rii) - 1) 


X (-ir i +-+^(C (« 1 + •••+«* )-l). 

«l, •••>«*=! 


3.132. (a) Prove that 


£(«-C( 2) - C(3) 

n=2 

-C(n)) = C(2)-l- 

(b) If £ > 2 is an integer, prove that 


X (ni+«2+---+n*-C(2)-C(3)- 

$(rti+B2-f l-n*)) 

=ak+ 1). 



3.133. Let k > 2 be an integer, let j be such that 0 <j<k, and let 7) be the series 
with 

= »i»2 • • • nf(ni+n 2 -{ h«£-C(2)-C(3) £(m +«2+- ••+«*)), 

where the product «i • • • is missing when j = 0. Prove that 


t j= x i aw+i- 
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3.7 Open Problems 


In mathematics the art of proposing a question must be held of 
higher value than solving it. 

Georg Ferdinand Cantor (1845-1918) 


3.134. Let k > 3 be an integer. Calculate 


I 


h Mfc 




Hni+ri2-\ \-n k 

n\ -ri 2 "-nk 


3.135. Let k > 2 be an integer. Evaluate, in closed form, the multiple series 


X (-1)"' +•••+"* 
"1 1 


H ni -Hn k 

n l n 2 ---n k (ni+n 2 -\ b n k )' 


3.136. Let A: > 3 be an integer. Calculate, in closed form, the series 

£ (— l)»i+* 2 +-*n k ( Hni+n2+ ... +nk - ln(m + n 2 +•••+«*) — 7 ) • 


3.137. Does the sum equal a rational multiple of e? Let k > 4 be an integer. 
Calculate the sum 

y n x n 2 ---n k 

nil ..i=i (ni+n 2 + --- + n k )\' 

A conjecture. It is reasonable to conjecture that 

y n x n 2 ---n k = 

n u .h k =\ (n\+n 2 + ---+n k )\ 

where a k is a rational number. We observe that a\ = 1, a 2 = 2/3, and <23 = 
31/120 (see Problems 3.114 and 3.118). If the conjecture holds true, an open 
problem would be to study the properties of the sequence ( a k ) k e n- 
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3.8 Hints 


It is not once nor twice but times without number that the same 
ideas make their appearance in the world. 

Aristotle (384-322 BC) 


3.8.1 Single Series 


Mathematics is an art, and as an art chooses beauty and 
freedom. 

Marston Morse (1892-1977) 


3.2. Use the formula sinx = (e‘ x — e~ ,x )/2i and the Binomial Theorem. 

3.3. Use the inequality 1 — e 1 /x + 1 / (x — 1 ) > 0 which holds for x >1 . 

3.4. Apply the AM-GM inequality to the product 11*= i cos 2 k. 

3.5. Apply Raabe’s test for series. 

3.6. |coslcos 2 2---cos"n| < |coslcos2---cosn| and use Problem 3.4. 

3.7. Write X~ =1 {!/«-/(«)) = I? =1 (S 2 *-i<„< 2 * (!/«-/(«))) • 

3.8. Let S„ = Xr=i 1 /k(k+ 1)" and prove that S n = S n -i — (£ (n) — 1) by using the 

formula icmr = - ^kf- 

3.9. Use the formula WJ Jy V) = ±- 

3.10. Use that k{k+1) [. {k+n) = i ( A . ( * +1) .. 1 ( * +n _ 1) - {k+l y.. (k+n) ) • 

3.12. Calculate the nth partial sum of the series. 

3.13. Use partial fractions and prove that 


a' 1 1 

(a + p)(2a + p)--- (not + p) 


/‘ 

Jo 


,p- l+a 


m\(n — 1 — m) 


dx. 


3.14. Use Abel’s summation formula (A.2). 

3.15. Use that l/(n + 1) - \/{n + 2) + \/{n + 3) = / 0 V /(1 +x)dx. 

3.16. Write 1 — 1/2 + 1/3 + ■■•+(- \) n ~ x /n = fj (1 - ( -x) n ) /(I +x)dx. 

3.17. Calculate the 2nth partial sum of the series. 

3.18. Calculate the nth partial sum of the series by Abel’s summation formula (A.l). 

3.19. Calculate directly the nth partial sum of the series. 

3.20. Use Abel’s summation formula (A.2). 
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3.23. and 3.24. Use that C(k) - 1 = X“ =2 1 /m k . 

3.25. Use that £ (2k) — 1 = £“ =2 1 / and change the order of summation. 

3.26. and 3.27. Use that I* =1 l/k(k+ 1)" = n - f(2) - f(3) C(«) and change 

the order of summation. 

3.28. Use Abel’s summation formula (A.2) and the power series 

ln(l + x)ln(l —x) = X “ (^n ~ H 2n ~ x 2 ", x 2 < 1. 

3.29. Use that l/(n+ 1) — l/(n + 2) + l/(n + 3) = +jc)dx. 


3.8.2 Alternating Series 

The profound study of nature is the most fertile source of 
mathematical discoveries. 

Joseph Fourier (1768-1830) 

3.30. Sum the terms of the series according to the cases when n = k p and k p <n< 

C k+iy . 

3.31. Use tot = 1 (i - • 

3.33. Use Abel’s summation formula (A.2). 

3.34. and 3.35. Calculate the nth partial sum of the series by using Abel’s summation 
formula (A.l). 

3.37. Calculate the 2nth partial sum of the series by using both Stirling’s formula 
and the limit definition of the Glaisher-Kinkelin constant. 

3.38. Calculate the 2nth partial sum of the series and use the Glaisher product 

nr.,* 1 '* 2 = (A i 7(2tte'»' ,/6 . 

3.41. Use that 1 — 1/2+ 1/3 f (— l)" _1 /n = f@ (l — (—x) n )/(l +x)dx. 

3.42. Use Abel’s summation formula (A.2). 

3.43. Calculate the 2nth partial sum of the series and use the definition of the 
Glaisher-Kinkelin constant. 

3.45. Use that X*Li (— 1 )* — 1 / ( w + *) = Jo*V(l +x)Ax. 
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3.8.3 Alternating Products 


We are servants rather than masters in mathematics. 

Charles Hermite (1822-1901) 


3.46. and 3.47. Apply the logarithm to the product and sum the terms according to 
the cases when n = k p and k p <n < (k+ \) p . 

3.48. and 3.49. Use Euler’s infinite product formula for the sine function sin7rz = 

*zIE=i 0 - z 2 /” 2 ) f° r z e C. 

3.50. (b) Apply the logarithm to the product, calculate the 2nth partial sum of the 
series, and use the infinite product formula for the sine function. 

3.51. (b) Calculate the 2nth partial sum of the logarithmic series and use Weierstrass 
product for the Gamma function 1 /T(z) = ze yz nST= i (1 + z/k)e~ z A. 

3.52. Take the logarithm of the product and calculate directly the nth partial sum of 
the logarithmic series. 

3.53. Transform the product into a series and use Abel’s summation formula (A.2). 


3.8.4 Harmonic Series 


In mathematics you don 't understand things. You just get used to 
them. 

John von Neumann (1903-1957) 


3.54. Prove the identity by induction on m. 

3.55. —3.58. Use that / 0 Vln(l -x)dx = -H n+l /(n+l). 

3.59. Use that \ (npB)..?(n+*-I3l ~ {«+t)---(n+it) ) • 

3.60. Use that k{k+l) \. {k+n) = £ ( , ( , +1) .. 1 ( , +n _ 1) - {k+l y.. (k+n) ) • 

3.61. Denote the series by V„ and prove that V„ = \v n -\ — ~a n , where a n = £* = i 
H k /k{k+\){k + 2)---{k + n). 

3.62. Calculate the sum by using the logarithmic integrals y! 1 ln( 1 — x)dx = —H n+ 1 

/(n+ 1) and /q 1 y k ~ 1 lnydy = — 1 /k 2 . 

3.64. Use Abel’s summation formula (A.l). 

3.70. Use the integral fj jc"ln(l — x)dx = —H n+ ]/(n+ 1). 
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3.8.5 Series of Functions 


All intelligent thoughts have already been thought; what is 
necessary is only to try to think them again. 

Johann Wolfgang von Goethe (1749-1823) 


3.74. and 3.75. Observe that 1 + x + ••• + x" = (1 — x" +1 )/(l — x ) . 

3.76. Use thatXLi^A — lnl /(l ~ x ) “ ~ Jo t n /{\-t)6d. 

3.77. Calculate the inner sum. 

3.78. Calculate directly the 2nth partial sum of the series. 

3.79. lnl/(l— *)— x — *2/2 x"/n = Xr=t** + 7A+«) = fo‘ *7(1 ~ t)dt. 

3.80. Use the formulae In 1/(1 — x) — x— x3 1 1 x " /n = Yf=\ x k+n /(k + n) and 

1/(1 — x) — 1 — x ^=S“=i^ +n . 

3.81. Consider the series T k (x) = £“ =1 e m /n(n+ l)(n + 2) •• • (n + k) and prove it 
satisfies the recurrence T k (x) = ( 1 — e~ “) T k - \ (x) /k + 1 / k ■ k ! . 

3.83. Use the hint of Problem 3.80. 

3.84. Calculate the nth partial sum of the series by Abel’s summation formula. 

3.85. and 3.86. Prove that the sum of the series, viewed as a function of x, verifies a 
linear differential equation. 

3.87. Calculate the nth partial sum of the series by Abel’s summation formula. 

3.89. and 3.90. Show that the sum of the series, viewed as a function of x, verifies a 
linear differential equation. 

3.92. Calculate the nth partial sum of the series by Abel’s summation formula. 

3.8.6 Multiple Series 

The art of discovering the causes of phenomena, or true 
hypothesis, is like the art of deciphering, in which an ingenious 
conjecture greatly shortens the road. 

Gottfried Wilhelm Leibniz (1646-1716) 

3.95. Evaluate the series by adding over the intervals k 2 <n + m< (k+ l) 2 . 

3.99. Use that / 0 ' x^ 1 ln(l - x)dx = -H k /k. 


8^1 
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3.100.— 3.102. Use the power series -ln(l + x)/{\ +x) = I“ =1 (-l ) n H n ^ for 
- 1 < x < 1 combined with fj ^ _1 dx = 1 /k. 

3.106. First, apply Abel’s summation formula (A.2) to prove that the infinite 

series £m=i (— l) m (l + j H 1- — ln(n + m) — y) equals the logarithmic series 

— X«=i (ln(n + 2m) — ln(n + 2m— 1) — l/(n + 2m)) . Second, calculate the double 
sum £“ = t(— l)"Xm=i (ln(n + 2m) — ln(n + 2m— 1) — l/(n + 2m)) by applying one 
more time Abel’s summation formula (A.2). 

3.107. Show, by using Abel’s summation formula, that 


(_iyn 

1 



1 

n + m+1 


1 

n + m + 2 


l \ _ r l 

2 (n + m)J Jo 1 +jt+x 2 -Fjc 3 ' 


3.108. The series behaves the same like the integral Jq ■■■ /J° ^ 1 +jc pi^ + n") p 

3.109. Write the general term of the sum as an integral. 

3.110. Use that l/(m + •••+«*) = fd x“ 1+ - - + **- 1 dx. 

3.111. Use that fd x mi+ ~ +mi ‘ + P- l dx = l/(mi +•• -+m k + p). 

3.112. Sum the series by diagonals. 

3.113. — 3.115. Use that fdx"(l — x) m ~ l dx = n\(m— l)\/(n + m)\. 

3.116. Differentiate the first series from Problem 3.115. 

3.117. Observe that fa V+"(l - x)P~‘dx. 

3.118. Observe that -x)P~'dx. 

3.119., 3.122. and 3.124. The series can be calculated by using that 


X a ni+n 2 +-+n k — X 

>«*=! j=k 

3.120. and 3.121. Use symmetry and the hint from Problem 3.119. 

3.123. Use that l/a m = 1 /r(m) ff e~ al t m ~ 1 dt combined with the power series 

— i - k*<i, *>o. 

(1-*) A n =0 n!F W 


3.125. Use that ^ nm I On+m — X&=2 (X/t+m=A: ®n+m ) • 

3.126. Use symmetry and Problem 3.125. 

3.127. Use symmetry and the hint of Problem 3.125. 

3.128., 3.130. and 3.131. Observe that £(m + • • - + n k ) - 1 = £~ =2 l/p" 1+ ‘" +n *. 
3.132. and 3.133. Use that n - 2) - f (3) f(n) = X* =1 1 /k(k+ l) n . 
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3.9 Solutions 


If I am given a formula, and I am ignorant of its meaning, it 
cannot teach me anything, but if I already know it what does the 
formula teach me? 

Blessed Augustine (354-430) 


This section contains the solutions of the problems from Chap. 3. 


3.9.1 Single Series 


I recognize the lion by his paw. (After reading an anonymous 
solution to a problem that he realized was Newton’s solution) 

Jakob Bernoulli (1654-1705) 


3 . 1 . The solution of the problem and other properties concerning the fractional part 
of special real numbers are discussed by M. Th. Rassias in [107, Sect. 5, p. 12], 

3 . 2 . Using the Binomial Theorem we have, since sm(kn/n) = ^ ( e kKl l n — e~ km / n ), 
that 


o=A 

_ (Jtni/n _ e -kKi/n\ 

* (2 i)' 

> V ) 

1 

( p—kni/n ( Ikni/n _ 

~m r 

> V V 


L ( e 2kKi/n 

(20 

n ( e V 

(-1. 

t y Icmm/r 

(20 

(— l) m , that 




y (-l)*sin n (kn/n) = y (-l) fe sin n (kn/n) 
k= 1 k = o 


= LJZy ( y 

_ (~i) n y 1 ( n 
~ (2 i) n 

_ (~ 1 )" y 1 ( n 

~ (2 i) n A 


(-l) m e : 


,2kmni/n ] 




(-iy 


(-D 


n— 1 

y e 2 mkni/n 
k = 0 


' "t 


(3.1) 


170 


3 A Bouquet of Series 


On the other hand, we have that 


xV"”*/")* 

*= 0 v ' 


n if m = 0 or m = n, 
0 if 


Combining (3.1) and (3.2), we get that 

X(-l)*sin"(*7r/n) = i-lL ((-l)°n + (-l)"n) . 
k=o 


(3.2) 


It follows that 


^{-l) i sin n {^/n) = 9i ((-l)°« + (-l) n «)^ 

l + (— 1)" Mt 

= n • cos — . 

2 " 2 

3.3. The series converges if a > 1 and diverges otherwise. See the comment on 
Problem 1.80. 

Remark. We mention that the case when a = 1 is recorded as Problem 3.80 in [14], 
Another interesting problem, which appears in Polya and Szego [104, Problem 159, 
p. 29], is about studying the convergence of the series 

£(2-«“) (2-ef)... (2-e»), 


where a is a positive real number. 
3.4. We will be using the formula 


cos 2 + cos4 4 b cos(2 n) 


sinncos(n+ 1) 
sin 1 


n e N. 


Let x n = niLi cos k. We have, based on the Arithmetic Mean-Geometric Mean 
Inequality, that 

^ < f ^k= i™s 2 k \ n _ f n + 'Er k=l cos(2k) \ n 




sinncos(n+ L 
usinl 


1 ( . sinncos(n+ 1)\" 

= (2^m( Sml+ n ) ■ 
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Let 0 < £ < 1 — sinl < sinl. Since lim„_ >0 o(sin«cos(/t + 1 ))/« = 0, there is N e 
such that for all n > N e , we have 

sinncos(« + 1 ) 

-e < < e. 

n 

It follows that 


. . ( . sinncos(n+ 1)\" 

0 < (sin 1 — e) < ( sin H j 


< (£ + sin 1)" < £ + sin 1 < 1 . 


Thus, for all n > N e , we have that 


0 < |coslcos2---cosn| < 


(2 sinl)”/ 2 ’ 


(3.3) 


and, hence, 


n^|coslcos2---cosn| a < — — — , n>N e . 

1 1 “ (^sinl)"/ 2 )”’ 

We have that 2sinl > 1 and ( 1 / (2 sin 1 )“/ 2 )” converges, and the result 

follows from the comparison theorem. 

For an alternative solution of this problem, as well as comments, generalizations, 
and remarks, see [66]. 

3.5. The series converges for x < 1/e and diverges for x 6 [1/e, 1). Let 


a _ ^sin | +sin 2 H hsin 1 


A calculation shows that n ( — 1 

\ a n 



j = n (x s,n I j , and hence 


^ ,. x sia *+l 1 ,. 

— 1 = lint j hm n sin 

) S m i 


n+l 


- = \nx. 


Thus, the series converges for x < 1 /e and diverges when x> l/e. 

Now we study the case when x= l/e. One can prove that the sequence 

. 1 . 1 . 1 , 

y n = sm - + sm - -\ b sin — ln« 

12 n 

converges. Thus, 

( j \ sin !+sin 2 H hsin t / 1 \ ^ ] +si n 2 H hsin f — Inn j j 

e/ \e) n n 

and, hence, the series diverges. 

3.6. Since |coslcos 2 2---cos”n| < | cos 1 cos 2- • • cosuj, the result follows from 
Problem 3.4 with J3 = 0 and a = 1. 
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3.7. We have 


X(i-/M)«Z X (;-/(»: 

fc=l \2 k - 1 <n<2 k 


= X X - n - X /(») 

fc=l \ 2 *-l <n<2 k H 2 k ~ l <n<2 k 


=i( x ^ 

*=1 \2 k ~ 1 <n<2 k 

f^^+r 


jfe=l 

= r» 


" 2 * - 1 


— In2 


where the last equality follows by calculating the nth partial sum of the series and 
by using the limit definition of the Euler-Mascheroni constant. 

3.8. We have that 

See the solution of Problem 1.31. 

3.9. The series equals 

7=2 

Let S n = Yk= 1 1 /k n (k+ 1). We have, since 

1 _ i 1 

*"(*+ 1) “ k"- 1 (*+l)’ 

that 5„ = C(«) -S„_i, and it follows that (-1 ) n S n = (-1 ) n £(n) + (-l) n_1 S„_i. 
Thus, S n = (— l)” +l +Xy= 2 ( — ') ,i+ ' / C(j): and the problem is solved. 

Remark. We have, as a consequence of this problem, that 

f U n (x)dx = (-1) B+1 + X (-l)" +y C(7% 

• /0 7—2 

where Li„(z) denotes the Polylogarithm function. 

3.10. Let . 1 , = I,'. We have 

1 . 'f * 1 y 

k(k+l)---(k + n) n\k(k+l)---(k + n- 1 ) (k+ !)■•• (k + n)J 
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and it follows that 


1 J! (*+ i) - (fe + n) J 

1 

n • n! 


Remark. This problem is due to Andreoli (see [5]). 

3.11. A solution, which is based on summing the first n terms of the series, is given 
in [108, Problem 2.2.4, p. 69]. Another approach would be to express the general 
term of the series in the form / 0 1 x 2 /(4n 2 — x 2 )dx (see [20, Problem 1, p. 526]). 

3.12. The series equals 2y+ 1/2 — ln(2 n). Let S n be the nth partial sum of the series. 
A calculation shows that 




= 2X^-l) 2 ln^-t(^-l) 2 ln(^-l) 


-5>-i) 2 i4fc+i)-I 1- 


k + 1 


We change the limits of summation in the second and the third sum, and we get that 

S n = —2 Inn! + (n 2 +2) Inn — (n — l) 2 ln(n+ 1) — n+ 1 +2 ( ^ — — - — Inn ) . 

V=2* +1 / 

Using Stirling’s formula, Inn! = (l/2)ln(27r) + (n + l/2)lnn — n + 0(l/n), we 
get that 

S„ = - ln(27T) + ((„ - 1)"1„ -^ +„) + 1 + 2 (i - ln») + O (1) . 

Since hm„_ >0 „((n— \) 2 \n-^+n) = 5/2, one has that lim = 2y+l/2 — 
ln(2 n). 

3.13. Using partial fractions we get that 

rv n ~l 


A\ A 2 A n 


(a + p)(2a + p)---(na + p) a + p 2 a + p na + p ’ 
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where Ak = 


(-i r 


C*-l)!(n-fe) 

„n-l 


T . Thus, 


- f H )*" 1 

(a + p)(2a + p) ■ ■ ■ (na + p) “ (A;- l)!(n-A:)!(£a + p) 


= y ( *)* 1 [\ ak+ p- l dx 

£A k -mn-k)\J 0 


k ^{k-\)\(n-k) 

(_\)k-\ x ak 


X P ~ 1 


J (*-!)!(«-*)! 


-jC 


-l= m [\n-l + a( n f l (-1 )”* " 

Jo ^ 0 m!(«-l 


dx 


dx. 


It follows that 


„=i ( a + p){2a + p)---{na+p ) 
We prove that 


-f 

Jo 


,p-l+a 


I I 


(-l) m x“ 


„=i l m =o m! (' ? '-"*)! 


I I 


(-l) m x“ 


V„r 0 m! ( w_ i-"*)! / 

To see this, we consider the following power series expansions: 

“> t k “ Y ak 

e ' = I]T and ^ = !(-!)*• 


dx. 


(3.4) 


k=0 k' k = 0 

Multiplying these two power series we obtain that 

ht* 0 




0 -x a t 


= 1 I 


^ 0 m!(n — 1 — m)! 


and we get, for t = 1, that (3.4) holds. This completes the proof. The second part of 
the problem is solved similarly. 

An alternative solution is given in [10]. 

3.14. The sum equals In 2 2/2. We need the following power series expansion [16, 
Entry (5.2.9), p. 76]: 


Ml — z) 

1 — z 


= I#H, k|<l, 


(3.5) 


Let S be the value of the series. Using Abel’s summation formula (A.2), with 

i i i HH 

a k = ^ and bk=l — - + - H 1 ln2, 
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we get that 


S = lim H n ( 1 — ^ \ + • 

»->“ \ 2 3 

h k+ 1 k: 


(- 1 T 

n + 1 


-ln2 +1 


(- 1 )* 

&+1 


H k 


n—>°° 

Integrating (3.5) we get that 


limff.l l-l + l + .-- + th!-ln2l = 0 . 


ln 2 (l —z) _ y H n +1 

2 An + 1' ’ 11 ’ 


and, whenz = —1, one has that In 2 2/2 = £“ =1 (— l)" +1 //„/(n+ 1). 

3.15, We have 

' ' h - 1 -•••- / 1 (x n -x n+1 +x n+2 ----)ck= /' 

n+1 n + 2 n + 3 /o Jo 1 + -r 

It follows that 

“j n V«+l n + 2 n+l / “jnio 1+x Jo 1+JC 

= -/' to(1 - J) d, HILa, 

Jo 1+* Jo 2-y 

= _f l ln(y/2)+ln2 
io 2-y 

7o 2-y 

* 1 "- 

Jo 1-t 

=- f ^'rih -if2 

J 1/2 f 

= Li 2 (l) — Li 2 (l /2) — ln 2 2 
= 1/2 (C(2) — ln 2 2) . 



dx 


176 


3 A Bouquet of Series 


3.16. See the solution of Problem 3.41. 

3.17. The sum equals yln2 — 2 In 2 2. Let 


S2 , =E(1 _‘ + ^... + LfL b2 y ta t« 


be the 2nth partial sum of the series. A calculation shows that 


s2» = X(-i)‘¥+(i-i + ? 


i i 


2 3 


jln( 2 n+ 1 )- ln 2- ln ( 2 n+ 1 ) 


= 2 X ~ X ~r + ( Hln ~ Hn ^> ln ( 2 " + !) - ln2 • H 2n + !) 

k= 1 Zli k=2 K 

" In k 2n In k 

= In 2 • //„ + X — X —j— + (H 2n - ln(2n) - y) ln(2n + 1 ) 

j)6=l * *=2 * 

+ (Inn + y— //„) ln(2n + 1) 

, / Ji, In A: ln 2 n\ ln 2 n 

= ln2(H„-lnn)+ln21nn+ X“7 


- I 

V=2 


In A: ln 2 (2n) ] ln 2 (2n) 

1c 2 


+ (tf 2 « - ln(2n) - y) ln(2n + 1 ) + (Inn + y- H„) ln(2n + 1) 


, , / Ji, In A: ln 2 n 

= ln2 (H n — Inn) + j X “7 


j y, In A ln 2 (2n) 


+ (ff 2 „ - ln(2n) - y) ln(2n + 1) + (Inn + y- H n ) ln(2n + 1) - - In 2 2. 
Recall that the Stieltjes constant yi is defined by the limit 


/ -A lnA ln 2 n 

Also, in [134] the following inequalities are proved: 


^ n < 7- X 7+ ln (»+ 1 ) < «eN, 

2(w + l) "i /: 2 ti 
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from which it follows that 

lim (H 2n — ln(2n) — y)ln(2n + 1) = 0 and lim (lnn + y— 77„)ln(2n + l) = 0. 

n-t«o n->“> 

This implies that 

It It 

lim S 2 n = yln2 + 7i — 7i — - In' 2 = yln2 — - ln“ 2. 

3.18. The series equals C(P — 1) — C (p) ■ Let S be the value of the series and let S n 
denote the nth partial sum of the series. An application of Abel’s summation formula 
(A.l), with ak = 1 and = C,(p) — 1 — ^ p-, shows that 

*" ~~ ji ~ 1 ~ 2 r i?) 

= »(cW-i-L— 

Using Stolz-Cesaro lemma (the 0/0 case), we 

lim n ( C (p) — 1 t r— J =p 

n— >“ V 2P (n+l)*y 


1 


AC 

h S(*+iF 


+i)f 

obtain that 

C (p) — 1 - 2? (n+l)P 


(3.6) 


lim 


lim 


n(n+l) 
(n + 2)t> 


Letting n — > in (3.6), and using the preceding limit, we get that 

5_ Ji (*+i y ~ Ji ~ Ji ( k+\)p ~ 

For an alternative solution one can use the definition of the Riemann zeta function 
and part (a) of Problem 3.122. 

3.19. The series equals (£(p — 2) — £(p — 1))/2. Let S be the value of the series and 
let S„ denote the nth partial sum of the series. Direct calculations show that 




n(n + 1) 
2 


k=i K 



k- 1 
kP~ l ' 


(3.7) 
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On the other hand, 


lr= 1 K lr=„- 1-1 K J n 


k= 1 k=n + 1 " 

and hence, for p>3, one has that 


dr 


xP ( p-l)nP~ v 


li 




Letting n — >■ °° in (3.7), and using the preceding limit, we obtain that 

„ 1 “ A:-l 1 “ 1 1 ” 1 1 . 1 

9 ^ — 9 ^ I.p -2 “ 9 X 73PT ~ 2 ) 


wjgH* * tc— 1 " 

For an alternative solution one can use the definition of the Riemann zeta function 
and part (b) of Problem 3.122. 

3.20. We apply Abel’s summation formula (A.2) and we get that 

|,K {(2) -p4-"-i)=£"3(« 2 ) 4-?--orn? 


+ 1 


H„ 


,S(«+1) 2 

H n + 1 


^ V(«+!) 2 (»+l) 3 7 
= C(3), 

since X“ =1 H n /n 2 = 2£(3) (see Problem 3.55). 

Remark. More generally, one can prove that if k > 2 is an integer, then 




where the second sum is missing when k = 2. 

In particular, when & = 3, we have that 

,!;« (^ (3)_ 13 _ 23 I?! = 


?( 4 ) 


3.21. We have, since 1 lnxdx = —1 /k 2 , that 
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f l lnxLi2(;t) 

Jo 1 — x 

= j{(4), 


the last integral being recorded in [44, Table 5, p. 1436]. 

An alternative solution is based on an application of Abel’s summation formula 
in which case the series reduces to a special Euler sum that can be calculated by 
integrals involving polylogarithmic functions [44]. 

3.22. We have, by Abel’s summation formula (A.2), that 


I « 2 > -A -• - 5 ) -2 


t, tn-rf 


2 «2)-a^- 2 1 


n 2 (n+1) 2 


2 l(»+n ! ( c(2) v » 2 


=2|At(c(2)-4-..-1 
-22 




-C(3) + C(4). 


We have, based on Problem 3.20, that 

| 1 ^< 2 >4~-'4hf^( C(2 >4 

Y 1 

+ „=i K+T) 1 

= 2C(3)-C(2). 
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On the other hand, a calculation similar to the one in the solution of Problem 
3.21 shows that 

£ j 4 w — - 4) = - r (° 2 * ( x ) -*)d* 

“j(n+l) 4 \ l l n l ) Jo x(l-x) 


since Jq lnx/ (1 — x)dx = — £(2) and 


lnxLi 2 (x) 


ck=-C 


= -C(4)-C(2), 


cm, i« 4) . 


Putting all these together we get that the sum is calculated and the problem is 
solved. 

3.23. The series equals 3/2 — y/2 — ln(27r) /2. We have 

CW-1 


y b W 1 _ y 1 [ y [ _ 

£2 *+! S*+ 1 Ls\ m 


-XX 


1 / 1 


' A:+ 1 V™ 


X- X 


1 


k=2 


k+l \m 


= l4ln 


1 1 

m — 1 m 2 m 2 > 

Let S n denote the nth partial sum of the series. A calculation shows that 


S n = £ w ( In 


1 1 

m— 1 m 2m 2 



Inn — Inn! — n + 1 — - 
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Using Stirling’s formula, Inn! = (l/2)ln(27r) + (n + 1/2) Inn — n + 0(1 /ri), we 
get that 



and it follows that lim n _> M S n = 3/2 — y/2 — \n{2n) /2. 
3.24. We have 



Let S„ denote the nth partial sum of the series. A calculation shows that 


-\-h-h) 


= (» + - 1„„! - 2 ± tint - n+ f 3 - 1 X i 


Let A n = n -« 2 / 2 -«/ 2 -i/i 2 . e n 2 /4 . j-[« =| W e have 

2 ^ £ln& = 21nA„ + fn 2 + n+ ^ Inn — 


Using Stirling’s formula, Inn! = (l/2)ln(27r) + (n+ 1/2) Inn — n + 0(l/n), we get 
that 



and this implies that lim„_>„, S„ = 11/6 — 2 In A — y/3 — ln(27r) /2. 
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3.25. The series equals 3/2 — In n. We have 






Let S„ denote the nth partial sum of the series. We have 



= — 21nn! + (n+ l) 2 ln n — n 2 ln(n+ 1) — n + ln2 + 1. 


Using Stirling’s formula. Inn! = (l/2)ln(2re) + (n + l/2)lnn — n + 0(l/n), one 
has that 



A calculation shows that lim„^oo (n 2 ln(n/ (n + 1 ) ) + n) = 1/2, and this implies that 
lim n _> M S n = 3/2 — ln7T. 

Remark. It is worth mentioning that an excellent book which contains a systematic 
collection of various families of series associated with the Riemann and Hurwitz 
zeta functions is [122], 

3.26. (a) We have, based on Problem 3.8, that 


s. = !^ = »- CP)-C(3)--CW. 


Clearly S„> 0 and hence n — £(2) — £(3) £(n) > 0. On the other hand, we 


have, based on Bernoulli’s inequality, that (1 +k) n > 1 +kn. and it follows that 



where yr denotes the Digamma function. Letting n — > we obtain, since y/( 1 ) = 

— y, that limn-^^ S„ = 0, and the first part of the problem is solved. 
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(b) The series equals ^ (2) + ^ (3) — 1 . We need the following series formula: 


X na " 

n— 2 


2 a 2 - a 3 


W < 1. 


We have 


I»(»- C(2)-f(3) 


=£if£ 


~l k L=2 (* + !)” 




1 ( 2k+\ 


= 2E 


\(k+l)k 2 

1 


+ Xi 


£i(*+ 1)* 2 £ 1 (*+ 1)* 3 

= C(2) + C(3)-1. 


We used the following two series formulae: 


X 


1 

(jfc+ijSff 


£ (2) — 1 and 


X 


1 

(*+ i0 


C(3)-C(2) + l, 


which can be proved by direct calculations. 

Similarly, one can prove that 

£(- 1 )"»(» - c(2) - c(3) — cw ) = l 

3.27. Clearly when a = 0, there is nothing to prove, so we consider the case when 
a 7^ 0. We have 



2 y' * 

a K k + !)(& + 1 -a) 
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We distinguish here two cases. 

Case a = 1 . We have, based on the preceding calculations, that 


| (n -ce)-c<3)--cM)=i^=ce)-.. 

Case a ^ 1 . We have 


If « 2 > - 1 cw)=“ 2 S 


=" 2 1 


\k(k+ 1 — a) {k+\)(k+\-a) 



1 ^ 

a i h- 

f i 

l-a \k 

k-\-\ — Cl ) 

1 ^ 

[k+l~a 

( 1 

t=i a 

l-a \k 

k+l-aj 

^+l-a 


1 1 


— y(- 

1 _ ^ \ V 




1 1 

a(l — a) \k k+l—aj a j^\k k + 1 


y(2 -g)+ y 

1 — a 


- 1 


This formula agrees even with the case when a = 1, since 



3.28. Using Abel’s summation formula (A.2), with a n = 1 and 

i ’'' = ( ln2 ~,^T“iT2 4) 2 = (ln2 ‘" 2 " +H “ )2 ’ 

we get that 

5 = £ f ln2 - -PT - = lim n (ln2 - H 2n+2 + H n+l f 

“i \ n + 1 n + 2 2n y n->~ 

+ £ n ((In 2 - H 2n + H n ) 2 - (ln2 - H 2n+2 +H n+l f) 
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i”( 

n=l V 

i 

1 ^ 

2n+l 

2n + 2j 

2X» 

n=l 

( 1 

1 

\2n+ 1 

2n + 2 


21„2-2H 2 „ + 2H„ +s L_- s L_) 

<l"2-^ + H "> -f^2iVr 2^) 


2 


since ]im„^oo n (In 2 — H 2n + 1 + H n+ \ ) = 0 . N ow, 


and 


Thus, 


2 n 




1 


1 


2n+ 1 2n + 2 


1 


1 


1 


1 


2n+l 2n + 2 


n+1 2n+ 1 

2 31n2 5n 2 

~~2T~ 48“' 


*=X 

n=l 


.+ 1 2n + ll^ 2 - H ^- 3 -f + ^ 


Next, we need the following series [62, Formula 1.516 (3), p. 52]: 

ta{l+x) ln(l -x) = £ \ [^n - H ln - x 2n , x 2 <l. 


(3.8) 


It follows, by differentiation, that 

h,(l -x) _ MI +,) ln(l -^) + gto2)» = 2 y (Hj - Hu + b2)x *-l 

1+X l—x X l—x z 


This implies that 

f 1 2 ( ln(l— x) ln(l+x) ln(l— x 2 ) (21n2)x\ # 2 «+ln 2 

Jo V t+x l—x x l—x 2 ) n+ 1 

and 

r l xfln( 1-x) ln(l+x) ln(l — x 2 ) (21n2)x\ H n -H 2n + \n2 

Jo 2 \ l+x l—x x 1 -•& ) 2n+l 


Hence, 


ln(l-x) ln(l+x) ln(l — x 2 ) (21n2)x\ 


l+x 


= x 


1 


1 


n + 1 2u + 1 


1-x x 

(H n -H 2n + \n2). 


dx 


(3.9) 
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A calculation shows that 

/ 2 x\ / ln(l-x) ln(l +x) ln(l —x 2 ) (21n2)x\ 

\ ~2J V 1 +x fTt x + 1 — x 2 ) 

( 1\ /(21n2)x 2 ln(l — x) ln(l+x)\ 

= V~2 ) 1+x I^T )' 


We have, by Maple calculations, that 


r 1 / 1\ /(21n2)x 2 _ln(l-x) 

Jo V 2 J \ 1 — x 2 1 + x 


ln(l+x)\ 

1-x ) 


dx = — In 2 2 + 2 ln2 — 


12 

(3.10) 


Combining (3.8)— (3. 10) we get that S = 7T 2 /48 + (ln2)/2 — In 2 2. 

Remark. Since In 2 — ^j-j- — 7 = O ( 1 /n) , it is reasonable to expect that 

the value of the series can be expressed in terms of £ (2). 


3.29. We have 


— — — — yr 4 — — • • • = / 1 (x»-X n+1 +X n+2 --.)dx= f-^dx. 

n+ln + 2« + 3 Jo v ' Jo 1+x 

It follows that 


X 

n=0 


(Jl L + J__. 

„) 2 _y / 


\« + l « + 2 n + 3 

) ..o' 

X 

+ 


-dy 


/o 1 + y 


=// 

-// 

= /'—('/ 

Jo l +x \yo 

7. 






(l+x)(l+y)(l-xy) 

1 


dxdy 
dy ] dx 


(i+y)(i-xy) J 

1 /ln2 — ln(l —x' 

1+xV 1+x 
(l-x)ln(l-x) ln(l+x) In 2 


dx 


2(1 +x) 


1+x 
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3.9.2 Alternating Series 


I have tried to avoid long numerical computations, thereby 
following Riemann ’s postulate that proofs should be given 
through ideas and not voluminous computations. 

David Hilbert (1862-1943) 


3.30. The series equals — In 2. First we note that for all isN, one has that 
(k+l) p — k p — 1 = 0 (mod2). 

It follows, since there are (k + \) p — k p — 1 integers in the interval (k p , ( k + 1 ) p ), 
that 

I (-!)" = 0. 

kP<n<(k+l)P 

Also, we note that (—l)**’ = (—1)*. We have 


E^n-I + El I 

n=l Lv n J k=\ \n=kP Lv w J ) *=1 \kP<n<(k+l)P 


C=l)"\ 


i 


L^J J 




k= 1 \kP<n<(k+l)P 


= £^+11 s 

*=i 


= — ln2 

= — ln2 


J I 

*=1 \kP<n<(k+\)P / 

I (- 1 r) 

k= 1 * \kP<n<(k+l)P J 


For an alternative solution see [64], 
3.31. The sum equals 



1 

1 1 


V e e \ li 2! 

(*-l 

)'■) kl) 


Let Sk = X«=i ( — 1 ) n /(n\(n + k)). We have, since 

1 _ 1 ( 1 1 
n\(n + k) ~ k (n- l)\{n + k) 


188 


3 A Bouquet of Series 


that 




(-1)” 


k£-\ n\ jt"(n-l)!(n + Jt) 


n—l=m 1 (\ 


= iu-o+ix 


(-ir 


A„Jr 0 m!(m + A+ 1) 


= xf 1 -iVU^i + r i rV 


k\e 


k+lj 


This implies that 


Sk+\ 


S k 


1 1 1 


1 


k\ (A-l)! <? k\ k\ (A+l)!’ 

and the result follows. 

3.32. We need the following lemma. 

Lemma 3.1. Let x be a positive real number. The following equality holds 
1 


K-ir 


n(n+x ) 




Proof. We need the following product formula due to Weierstrass [7, Formula (2.8), 

p. 16]: 

e-TP ” e*/" 

r(x) = — TT j-, a: > o, 

x „ = 1 1 +x/n 

from which it follows, by logarithmic differentiation, that 


, . r'(x) 1 ~ /i i \ 

^=fw = - r -t + 5 u-^)' 


x > 0. 


klk-- x) ' 


x k= 1 


k k+x) 


1 

y | 

"-J-) 

X 

1 

k= 1 

k+xj 

/I 1 \ 

1 

X 

XI 

Jfc=l 



-2X 
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Thus, 


I'm S 2 „ = l ( V(x) + y+ -~ — y -Y-\ 


X \ 




and the lemma is proved. 

We have, based on Lemma 3.1, that 


1 




— IV*-* f 


1 1 1 

, h- 

\n+x n n 


(-D- 

n=l n n=l 


= ln2-^X(-l)»- 
= ln2 — i 


1-J-i 

n n+x ) 


n(n+x ) 

1 


3.33. The series equals n 1 j\2 + In - 2/2. Let S be the value of the series. Using 
Abel’s summation formula (A.2), with a k = (— 1 ) k ~ 1 /k and b k = X* =1 (— 1) J— 1 /j, 
we have that 


S = lim 

n—>°° 



+ Z(--i + 5- 


(-l) k -'\ (-1)' 


k+ 1 


■■ 


(-i) 


\t+i 


(— l )*- 1 
+ - — - — h 

k k + 1 


k + 1 
(-1)" 


(-1)^ (-l)W 

k+ 1 y *+1 


‘ t =” 1 " 22 -l( 1 4 + '" + 


(-1)^ (_!)* ~ l 

k+\ ) k + 1 itUfe+i) 2 

(-r'y-ry , 

m J m 6 
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= In 2 — (S — 1 ) + — 1 

0 

= In 2 2 — S' + . 

o 

3.34. The sum equals nj% — 31n2/4. Let 

An application of Abel’s summation formula (A.l), with 

1 1 1 


at = (— 1) A and bk = ln2 — 


k+1 k + 2 


" 2k' 


shows that 


S«=((-l) + (-l) 2 + --- + (-l) n ) ln2- 


n + 2 


1 

n+3 " 


1 

" 2n + 2 


+ t ((-1) + (-1) 2 + • - - + (-1)*) 


1 

(2k + l)(2k + 2) 


(3.11) 


Passing to the limit, as n tends to infinity, in (3.1 1), we get that 


y a _ Y 1 _ Y 1 

" & (2k+l)(2k + 2) ,tS(4/ + 3)(4/ + 4) 

&=odd 


= -I 
1=0 


1 1 
4/ + 3 

1 x 2 dx 
(l+x)(l+x 2 ) = 


-j£‘ £< 

31n2 k 
4~ + 8‘ 


' x 4l+2_ x 4l+3> 


dx 


For an alternative solution see [80], 

3.35. All series can be calculated by an application of Abel’s summation formula. 
We include below, for the sake of completeness, the calculations of the second 
series. 

Let S be the sum of the series and let S„ be its nth partial sum. We have 


s„=i(-i) A 

lta=l 


, + l + l + . 


1 

2k — 1 


Ink 

~2 
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An application of Abel’s summation formula (A.l), with 

«* = (-!)* and b k = 1 + ^ + i + • • • + j- - |-ln2, 


shows that 


5«=((-i)+(-i) 2 +-+(-ir)(i+3+- , 2n+1 


l ln(n+l) y ln2 

2 2 


^S((-i)+(-i) 2 +---+(-i) 

A=1 V 


ln(A:+l) lnfc 1 

2 2 2& + 1 


It follows that 


S= £ ((-!) + (-!? +- + (-1)*) i ln( " + 11 - - 1 


2n+l 


= y f 1 ln(2j?+l) _ ln(2p + 2) \ 

“ 0 V4p + 3 2 2 / 

Let T n be the nth partial sum of the preceding series. A calculation shows that 

" / 1 In(2p+1) _ ln(2p + 2) \ 

" pt' 0 V 4 P + 3 + 2 2 ) 

= + ^ln(2n + 2)!-(n+l)ln2-ln(n+l)!. 

p = 0 4p + 3 2 


Using Stirling’s formula. Inn! = (1/2) \n{2n) + (n + 1 /2) Inn — n + 0(l/n), one has 
that 


T = y 1 ln7r 

" S> 4 P + 3 4 




M)V 4 ^ + 3 4 ^ + 4 


ln7t 1 
~4 ^ 4 


T ln(n + 1 



It follows, since 


I 

P=0 




31n2 n 
~4 8 


(see the solution of Problem 3.34), 


that lim^^ T n = (ln8)/4 — 7 t/ 8 — (ln7r)/4 + y/4. 

Remark. We mention that the first series is an old problem due to Hardy [20, 
Problem 45, p. 277], 
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3.36. Euler’s constant y is defined by the series formula 


r-S 



and its alternating counterpart (this problem) is a series of Sondow [120]. 

3.37. Let S 2n denote the 2nth partial sum of the series. We have 

= |(-l)*itta(it+l)-X(-l)*JfclnJfc 
k=\ k= 1 

2n+l 2 n 

= £(- l^-HJt-ijhiit+Xf-i)*- 1 ^ 

k—2 k= 1 

= 2n ln(2n + 1) + £ (- 1 )* _1 (2k - 1) In* 
k=2 

= 2n\a(2n+l)-2^(-l) k k\ak+^(-lf\ak. 

k-2 k=2 

Using Stirling’s formula, Inn! = (\/2)\a(2n) + (n + l/2)lnn — n+ 0(l/n), we 
obtain that 


X(-l)*ln* = ln 

k= 2 


2 ln (n\) 2 
(2 n)\ 


-ln7T+ - In n + O 
2 2 



and 


£ kink = 21n2 + 31n3 + • • • + 2nln(2n) - 2 £ 2kln(2k) 

k= 2 k= 1 

= ln(2 2 3 3 •• • (2n) 2 ") — 2n(n+ l)ln2 — 41n(2 2 3 3 •• •«") 

2 2 3 3 • • • (2n) ln 2 2 3 3 •••n" 

“ n (2n) 2 « 2 +' 1 + 1 /12 e -» 2 n „n 2 /2+n/2+l/12 e -»2/4 
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It follows that 


s 2 n = 21n 


2 2 3 3 ■ 


+ 


(2 n ) 2n 2 +n+ i/ 12 g -n 2 w « 2 /2+n/2+ 1 / 12 g -n 2 /4 

In 2 Inn / 2n + 1 \ 2 " /I 

t + - + 1 "(— j +0 U 


Thus, lim„^ 5 2 „ = 1 + (Inn:) /2 - 61nA + (ln2) /6. 

Remark. The problem has an equivalent formulation as follows: 


n 


1 fn+ 1 


(- 1 )" 


e- y/n- \fl 
A® ' 


For an alternative solution see [127]. 


3.38. Calculate the 2«th partial sum of the series and use the Glaisher product [43, 
p. 135] 





3.39. See [128], 

3.40. This problem, which is due to Coffey, is solved in [27]. 
3.16. and 3.41. We prove that 


1/, , (-l^W 2 C(3) 


^( 1-2 + 3 --+ 


= — ln2- 2 
4 4 


and 


(- 1 )”' 1 (, 1 u. 1 (-1)-^ = ^ ln2 _ ?C(3) 


1 -2 + 3— + 


We have 


“1 n V 2 3 n 


X “2 [ + ( — • x ) 5 i" ( — *)" 

“1 nr Jo 


dx 
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=i 1 rb K<2) ‘ Li2( ‘ A:))dj: ' 

where Li 2 (z) denotes the Dilogarithm function defined, for |z| < 1, by 

Lfa(*)=i^=-/'!5^dr. 

“j n z t 

We calculate the integral by parts, with 

/(*) = C(2) -Li 2 (-x), f'{x) = 1,1(1 ~' V \ g'{x) = ' . g(x) = ln(l + x), 


and we have that 


-(C(2)-Li 2 (-x))ck=(C(2)-Li 2 (-x))ln(l+^) - /' 


lo -/o X 


: (C(2) — Li 2 (— l))ln2— /' 

7 0 


4 4 


/■SPfc-CS) and u,(-l)-^. 
7o x 4 12 


£(z3£2f, _| + > 


n 2 \ 2 3 n 


= X ; ^#I-i 2 (.v) ln(l +x) 


f 1 ln(l + x)ln(l — x) , 


4 8 ’ 


‘ Ml+*)ln(l-*) d 5 C(3) 

x 8 
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3.42. We have, based on Abel’s summation formula (A.2), that 

£(l + l + '''+l-ln»-r-^) = lim n (H. + 1 -ta( n +l)- r - 5 A- n ) 


+ X n ( In 


n+ 1 


1 


1 


= 5>(ln 

n= 1 


n 2(n+l) 2 n 

n + 1 1 1 


2(n+l) 2 nj' 


since lim ,,-^ n {H n+ i — ln(n + 1 ) — y— l/(2n + 2)) = 0. Let S„ be the nth partial 
sum of the series. A calculation shows that 


S n = nln(n + 1) — Inn! —n+^(H n+ 1 — 1), 

and by Stirling’s formula, lim„_ >00 S n = (y+ 1 — ln(27t))/2. 

3.43. Let S 2n be the 2nth partial sum of the series. We have 

* fc -i ( - 1) " lt ( 1+ s + - + r“- r -5) 

= I (-1 f~ l kH k - f (-l^-^lnt-y £ (-I)*" 1 * - \ X (- 1 )"” 1 

*=1 *=1 k = 1 Z A =1 

= X(-I) fc_1 ^- X(- 1 )^ lfcln ^+"r- 

A =1 *=1 


Let A„ = n ” / 2 ”/ 2 1 / 1 2 e“ / 4 II&=i A calculation shows (see the solution of 
Problem 3.37) that 

X (— l)* _1 felnfc = — 41nA„ + lnA 2 n — ^n+ Inn — ^n — — ^ ln2. 

On the other hand, 


X(-1)* = l + \ H n- («+ ^ *W 

The preceding equality can be proved either by induction on n or by Abel’s 
summation formula. It follows that 
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Sin ~ t + 7#n “ ( n + - ) H ln +l 


2 4 


+ 41nA„ — lnA2„ + ( n + — ) Inn + ( n — — ) ln2 + ny 


1 


= + +-{H n -lnn)- (n +- ) (H 2n +i ~ ln(2n + 1) - y) - 


1 1 
J 2 + 4 
7 In 2 

'“nr 


+ 41nA„ — lnA 2 „ + I n + ^ ) In 


In 

"2 « + l' 


Since 


lim n + - (// 2 „+i - ln(2n -l)-y)= (prove it!), 


we get that lim n ->~S2n = — 7/4— 1/4 + 3 InA — (71n2)/12. 

3.44. Let 5 be the value of the series and let y m = (— 1) + (— l) 2 H f (— l) m . We 

have, based on Abel’s summation formula (A.2) with 


a,„ = (-l) m and b m = ( ln2- £ \ + X \ 1 , 


that 


( 2m+2 y m+1 ^ \ 

In 2 — Y, ~+ X “ 

P 1 Pi 1 J 

( i " A" „ 2 ^ 2 i ^ i 

1" 2 -E7+2t - ta2 - 2 7 +St 


+ X 

«»=1 

n:=2m— 1 £ 
m=l 

1 


i=l ‘ i=l 




3 

+ — 


y 21n2— 2 y - 

“j \4m 4m — 1 y \ i 


4m — 1 4m 


= — 21n2 £ 


“j 4m (4m— 1) 


+ 2X 


" / 1 


4m i 

V4m— 1 

-s) 

• X - 

i=2m * _ 


M <N 


3.9 Solutions 


197 


=. /_3 1 l__ 

-( V 16m 2 2m (4m - 1) (4m - l) 2 


-2(ln2+l)X 1 




4m(4m — 1) 32 .f-t (4m - l) 2 ’ 


" / 1 

i \ 4m i 

\4m— 1 



One can check that 


y 1 _ 31n2 n y' 1 _ tr 1 

4m(4m— 1) 4 8 an “.(4m— l) 2 16 2 


It follows that 


S = yln2+^- J--^ln 2 2-^ln2 + 2C+ \g. (3.12) 

4 4 32 2 2 2 


Now we calculate C. We have 


1 1 \ /y 1_ y 1 

4m - 1 4m ) \ “ i X 1 


4m- 1 4mJ\t',\4i-3 41-2 41- 1 41 ) 2m 


= y I I y J_ 

2m (4m — 1) 8 A, m 2 


y / 1 1 \ " / 1 1 fj 1 

+ “! V 4,n — 1 4m ) ( ti W-3 41-^41^1 41 

31n2 n it 2 

: + £>, 

2 4 48 


|Y 1 n 

l-XI 

i=l 

1 

' i ‘ ,i 

^4m— 1 4m ) 

\( 1 1 

y 41 — 3 

n 

41-: 

l-X! 

2 41-1 41/ J 

r 1 Ml 

v 41 — 3 41-2 

41- 

- 1 41 ) 

\4m — 1 4m/ 
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(A 

1 \ y / X 4 '”- 1 

x 4m \ 

V 4i — 3 4i- 2 4/-1 

Ai ) i 

~4^i) 


Let 

*M = |( 57 ^- 4 -V i ^ 7 -i)j 

It follows that 

, “/ 1 1 1 1 \ x 4i ~ 2 

^ “SV 4 *— 3 “ 4i— 2 t||_i 4 } ) fgfgglx 2 + x 3 

and this implies that (l + X + X 2 + x 3 ) D' (x) is equal to 


Y lx r 4 '- 4 dr- / f 4 '- 3 dr + - / r 4 '- 2 d? - 4 / r 4 '- 1 dr 
V Jo Jo X Jo X 2 Jo 


=x r ~^d t - r 1 dt^ , 1 r -^r ■ \ r n 

Jo 1 — f 4 7o 1 — t 4 x Jo 1 — t 4 x 2 Jo 1 — t 4 

x, 1+x x 1, 1+x 2 1 , 1+x arctanx 

= — In 1- - arctanx — - In ~ + — In 

4 1 — x 2 4 1 — x 2 4x 1 — x 2x 


m/; . ^ x 1 1+x | x- arctanx 

D W = +x 2 ) ln J— ^ + 2(1 — x) ( 1 +x 2 ; 



1 

, 1 +A 

In -1- 

1 

hi — 

4(1 

+ x)(l+; 

c 2 ) 4x(i+ 

x)(l 

+x 2 ) 1 -X 


arctanx 

ln(l — x 4 ) 



_ 2x( 

l+x)(l + 

■x 2 ) + 4x 2 (l+x)(l + 

P 



-\-x 

M ln i ±£+I(i 

-\-x 

1 \ 

I arptati v 

8 VI 

+x 2 1- 

1 X 

hxy 1 l— x + 4 Vi 

pfr 
f 2 

_ I diLiaiiA 

i+xy 

i _ *•+ 1 \ 

8 l 

i+x _ T 

+ 

00 

\X 

i+x i+x 2 y 

.if 

2 1 

x+ 1 \ 

I arptan v 



4 V 

x 1+x 

„ 1 cULldllA 

i+x 2 y 



+ -( 

2 2 

1 x — 1 \ , 

l 1 In r 1 

-x 4 i 



X 2 X 

i+x i+x 2 y 

x ) 


ln(l - 





4x 

2 ; 2 1 

- I+.V ,.) X 

) 
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Thus, 


+ \(^-z)Mi+J) + 


arctanx + xln(l+x 2 ) 


1 

+ - 


2 V 1+x 2 


arctanx — 


2(1 +x 2 ) 4(1 +x 2 ) 

ln(l+x 2 ) 

4(1 -x 2 ) ' 


D = D( 1)= dx 

Jo 

and, since all integrals can be calculated exactly, one has that 


n 3it 2 3, „ 3 7t, „ 5,, 

D= - + — --In2-—ln2 + —ln- 1 2. 
8 64 4 16 16 


This implies that 


„ 5 , n 3, „ 37t,„ 5 , 

c =m" -8 + ; ln2 -T6 ln2+ l6 ln2 ’ 


which in turn implies, based on (3.12), that 


s =’k-h 2 -\'° 11+ \ G - 


Remark. An alternative solution of this problem was published in [18] (although 
the term 137T 2 / 192 from the expression of cr is incorrect) with a correction in [19]. 

3.45. We have 


— + —!—-■■■= / 1 (x”-x n+1 +x n+ 
n-\- 1 n-\r 2 n-\- 3 Jo 


; --)dx = /‘^-d*. 
Jo 1 ~\~x 


Vn+1 w+2 ' n+3 ~ 


5=X(-i) n 

n = 0 

-f'f 

Jo Jo 


(Y— dxV 


V/o i+x^y 

\Jo 1+y V 


1 


-/7 

70 JO 


'o (i+x)(i+y) 
1 f 1 dxdv 


£(-^) n l 


dxdy 


(l+x)(l+y)(l+xy) 


— f/ 1 - 

Jo l+x V Jo ( 


1 


dy)dx 


(l+y)(l+*y) V 
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1 1 / ln2 — ln(l +x) 


+x 


1 — x 


-i: t 


= P ln2-ln(l+x) di 
Jo 1 - x 2 


dv 


A calculation shows that an antiderivative of the function f(x) = ln2 is 

F(x) = ita(l +*) • ln (jA) + iln J (l +x) - i . Lb , 

where IA 2 (z) denotes the Dilogarithm function. Thus, 

i^r(^- J rx + ~-) 2 = F(D-F(0) 

„=o \n + l n + 2 n + 3 J 


In 2 2 1 


■ + ™ ■ Li 2 I - 


24' 


We used that U 2 (1/2) = tt 2 / 1 2 — In 2 2/2 (see Appendix A). 


3.9.3 Alternating Products 


What is it indeed that gives us the feeling of elegance in a 
solution, in a demonstration? It is the harmony of the diverse 
parts, their symmetry, their happy balance; in a word it is all 
that introduces order, all that gives unity, that permits us to see 
clearly and to comprehend at once both the ensemble and the 
details. 


Jules Henri Poincare (1854—1912) 


3.46. First, we note that for (sN, one has that 

(&+ \) p — k p — 1 = 0(mod2). 

It follows, since there are (k+ l) p — k p — 1 integers in the interval (k p , (k+ 1 ) p ), that 

I (-1)^ = 0. 

kP<n<(k+l)P 
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Also, we have that (— 1) A ' P = (— 1 ) k . A calculation shows that 


s= i (_irita ( i4 w) 

= z( I 

k= 1 \kP<n<(k+Y)P 


(-ir-ln M + - 


l^j; 




h X (-l)" _1 ln( 1 

kP<n< (k+l)P 




1+1) ( S (->r‘) 

*=1 \ \kP<n<(k+l)P ) 


[pj) 

-!)” 


Let S 2 n = 2*li(-l) k “ 1 In(H'l/Jfc) be the 2nth partial sum of the series. 
A calculation shows that 


S 2n = In 


(2- 4- -(2 n)) 2 


h 2’ 


s. (3 * 5 (2n — l)) 2 (2n + 1) 

where the limit follows in view of the Wallis product formula. 

3.47. The product equals it/ 2. See the solution of the previous problem. It is worth 
mentioning that the following product formulae hold 


- / i \Hjr* - / i\(-r 

n(‘ + iw) !!(":) 


HO L<«j) 


(-If 


3.48. and 3.49. We prove that 


n i+ 




= ytanhy, n 1-3 


(- 1 )"- 


and 


n 2 + 1 






= — tanh — . 
n 2 


We need Euler’s product formula for the sine function [109, Sect. 3, p. 12] 

sin itz = nz ]^[ ( 1 — , zeC. (3.13) 


to I ^ 


202 


3 A Bouquet of Series 


Replacing z by iz in (3.13) and using Euler’s formula, sin a = (e‘ a — e '“) /2i, we 
obtain that 


2nz 


1+ ? ■ 16 


(3.14) 


When z = 1 and z = 1/2, we obtain, based on (3.14), that 


2k 


=nwi 


and 


-n(>+£ 


(3.15) 


respectively. We have, based on (3.15), that 


Also, 


n 




= 1 + TT 1 + ^ 


ji ( 1 + ^) 

fiO + cr) 2 

n= 1 v ' 

n e%+e~% 


2 gf-g-f 


= T] ( l — — 

Mv « 2 


Letting z — »• 1 in the preceding formula, we obtain that 1/2 = IXT =2 ( 1 — l/« 2 ) ■ On 
the other hand, when z — 1/2 one has that 2/n = IXT=t 0 — 1 /4n 2 ) . Thus, 


(i-Lf" 




v *) 

l 1 3*J 


n ,(‘-^) 2 


The third product can be calculated by dividing the two product formulae. 

3.50. The first product equals v^8 /^Jn and the second product equals 2/jcsin(x/2). 
Recall the infinite product representation for the sine function 
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sinx = x ]^[ 

n=\ 



Since the first product can be obtained from the second product, when x = n/2, 
we concentrate on the calculation of the second product. We have 


2n 

X(- 
*= 1 

-l)*(ln(l- 

_f_) + ... + in ( 1 

k z n z J sinx 

ln(j 

(, (x/ 2 ) 2 \ 

\(i (x/2 H 

( i (x/ 2 ) 2 ')') 

l 1 ^ ) 

'V (2k) 2 ) 

V (nn) 2 )) 


Letting n tend to °° in the preceding equality, we get that lim,,-^ Si„ = In x 2 , and 
the problem is solved. 

3.51. (a) Part (a) of the problem follows from part (b) by letting z = 2 m and, by the 
solution of part (b), the product equals 


2rnT 2 (m)2 2m - 2 

r(2m) 



-l 


(b) The product equals 


We prove that 


J 2 (§) 2^- 2 

r(z) ' 


S(-ir 1 ln( 


1+ 1 


= In 


- r2 (§) 2Z ~ 2 

r (z) ' 


We need Weierstrass product for the Gamma function [122, Entry 2, p.l] 


^0,-1, -2 (3.16, 


Let Sin be the 2nth partial sum of the series. We have 


S2.= E(-l)‘-‘ln(l + f) 

k= 1 V K ' 


fl + f 

l-Infl + ^W- 

■ ■ + In | 

r, + , z ; 

) — In f 1+ Z ) 

v v 

' V 2) 


V 2n-lj 

/ V 2 n) 

(i+f 

)+lnfl + |)+-- 

— 1- In ) 



V i j 

' V 2/ 


K 2 n) 



-2[ 1 „(l + i) + 1 „( I + i) + ... + ‘„( 1 + i-)] 
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1 n( , + f )+ ln ( 1 + |)+...+ 1 „( 1 + | ; )-z(l + i + ... + i ; ) 

— 2 [lnfl + ^'j + lnfl + ‘'/ 2N ) -! + ■ 1 


V n 

1 1 1 

n+l + n + 2 H h 2 n 

Letting n tend to °° in the preceding equality and using (3.16), we obtain that 


lim S 2n = In / 

zT(z)eY z 


— 21n - 


1 


(z/2)r( z /2)er(*/2) 

For an alternative solution see [115]. 

3.52. The problem is equivalent to proving that 


+ zln2 = In 


*r 2 (t)2 z - 

n*) 


X 

n= 1 


/ 4/1-1 2 n 

( — ln 2^7 


-1 = 3 In A ln2 \nn 

12 4 


Let T n denote the nth partial sum of the series. We have 


p =i 


2 2p - 1 


= X 2pln(2p) - X, 2pln(2p - 1) - \ X ^ ~ n 


P= 1 


p=i 


' p=t 


2p-l 


= X 2 fM 2 f) - X ( 2 P - l )H 2 P - 1) - X ln ( 2 F - !) - \ ln - 7337 - " 

P~ 1 P = 1 P=1 ' ' 


X 2pln(2p) — ^X P^ n P~ ^ 2 pH 2 p)] “to^p-ln^^-n 


2"n! 


= 2 X 2pln(2p) — ^ plnp-lny/(2n)\-n 
p = 1 p=i 


= 2n(n+ l)ln2 + 4 plnp — ^ plnp — ln^/ (2n)! — n. 

p= 1 p=i 


Let 


x„ = llnl +21n2H fnlnn — — + - + — 

1 2 2 12 


Inn + — , 
4 
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and we note that x„ —>■ In A. Straightforward calculations show that 

T n = 4x„ - x 2n + (n - ln2 + (n + ^ Inn - ^ ln(2 n) ! - n. 
Using Stirling’s formula 

ln(2 n ) ! = + ^2n + 0 ln(2 n) -2 n + o(^j, 


we obtain that 

T n = 4 x„—X 2 n — — ln2 — — ln7T — O ( — J 31nA — — ln2— - In n. 

12 4 \n ) 12 4 

For an alternative solution see [89], 

3.53. The problem is equivalent to proving that 

(—l)" -1 Hnn! — f n + - J lnn + n — lnv^^rj = 31nA — ^ln2 — -ln4. 


Let S be the sum of the series. An application of Abel’s summation formula (A.2), 
with 

a k = (- l) k ~ l and b k = ]nk\- (k+^lnk+k-lnV2n, 

shows that 


S = lim ( (-I) 4 1 ) ' ( ln(«+ 1)! - (n+ - ) ln(n+ 1) +n+ 1 \aV2n ) 




^\f 2k +l ]n k + ] :- l 


= X((-i) 1 _ 1 +-+(-i. 

pt ' 

k=2p-l ^ ( 4 P~_}_ ln 2 P _ x 


k-l\ ( 2I l±l ln k ±i_ l 
2 k 


* I 

p= 1 


2p-l 


and this is Problem 3.52. 

For an alternative solution see [130]. 


Remark. The problem gives an unexpected connection between a product involving 
the classical Stirling term and the Glaisher-Kinkelin constant. 
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3.9.4 Harmonic Series 


Truth is ever to be found in the simplicity, and not in the 
multiplicity and confusion of things. 

Sir Isaac Newton (1642-1727) 


3.54. The identity can be proved by induction on m. 

3.55. We will be using the following formula: 

/V ln(l— x)dx=-^±l. (3.17) 

Jo n-\- 1 

This formula, which is quite old, is recorded in various tables of definite integrals. 
It appears as formula 865.5 in [38], where a reference is given to Nouvelles Tables 
d’Integrales Definies, by B. de Haan: P. Engels, Leyden, 1867, and it also appears, 
in thin disguise, as entry 4.293(8) of [62], 

We have 


= / 1 '" 2 < 1 -4 dl 

Jo X 
= /^d* 

= Y C x m \n 1 xdx 

£ o J o 

-2 y I 

,“o( m + 1 ) 3 

= 2C(3). 


Remark. We mention that the series from Problems 3.55, 3.58, and 3.59 (part (b)) 
are due to Klamkin [73-75]. 

3.56. A calculation, based on formula (3.17), shows that 

", n z Jo x 8 


where the last equality can be checked with Maple. 
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3.57. We will be using the following identity 2 [16, Formula 5.2.9, p. 76], [62, 
Formula 1.513(6), p. 52]: 

= £ 1<x<1. (3.18) 

l ~ x n=l 


We have, based on (3.17) and (3.18), that 


£f~ir 1 ^= £(-!)"«, f l — x)dx 
it=l n n=l 70 



1 ln(l — x) ln(l + x) 



_ r l ln(l — x)ln(l +x) f l ln(l — x)ln(l + x) 

Jo 1+x Jo x 

= -^( 7 T 2 ln 2 - 41 n 3 2 - 9 C( 3 )), 


since 

l (8 , n 3 2 -^,„4 + 3C(3)), 

Jo 1+x 24 

the preceding integral being calculated with Mathematica. 

3.58. Recall that the Dilogarithm function [84, 122], denoted by Li 2 (z), is the special 
function defined by 


“ Z n P 

“>(•)- ? >-j£ 


ln(l-f). 


\z\ < 1. 


(3.19) 


A special value associated with this function is obtained when z = 1 for which 
we have that Li 2 (l) = YJk=\ 1 A 2 = tt 2 /6. 

We have, based on (3.17) and (3.19), that 


I 

«=1 


H n 



x " _1 ln(l —x)dx 


— t 

Jo 


ln(l-x) 



dx 


2 The function f(x) = — 1 , *' is known in the mathematical literature as the generating function 

for the nth harmonic number. 
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Jo x 
= Li |(*) I 1 
2 lo 

= 7^ 

72' 

Remarks and Further Comments. The series from the previous problems, in which 
a single harmonic number is involved, are called linear Euler sums. Some of these 
series are special cases of the following classical series formula due to Euler 

2 X § = (« + 2)C(n+i)-lC(«-^+l) (*eN\{l». 

k=\ K k= l 

Many papers involving the calculation of linear Euler sums, as well as new proofs 
of the above formula, have been published in the mathematical literature; see [8,24, 
25, 70, 97] and the references given therein. 

3.59. Let 

e _ y Hn+k 

* “i n(n + l)(n + 2) ■■■(n + k)' 

Since 


1 


1 


1 


1 


n(n+\)(n + 2)---(n + k) k \n(n + 1) • • • (n + k- 1) (n + 1) •• • (n + k) J ’ 
we get that 


H„ +k 


1 


H„ 


1 


H„ 


n(n+\)(n + 2)---(n + k) k n(n + 1) •• • {n + k- 1) k (n+\)---(n + k) 
1 tfn+fc-t 1 1 


1 

r + - • 


k n(n+ 1) •• • (n + k— 1) k n(n+l)---(n + k) 

1 Hn+k 

k (n+l)---(n + k)' 

It follows, in view of Problem 3.10, that 

^ „ 1 I V i I y Hn+k 

k k k ~ * l k “ 1 n(n + !)■■■(« + k) k (n+ 1) • • • {n + k) 


_ i l 1 y 

, s k-i + , 2 ,. , 2j 


Hm+k-l 


k 2 k\ k ~ 2 m(m+l)---(m + k— 1) 


= jSk-1 


1 1 


k 2 k\ k 


~ 7 S k - 1 - 


H k 




3.60. Let 


We have 




H k 


“j fc(fc+l)(fc + 2)---(& + n) 


flit 


1 


At 


A* 


k(k+l)---(k+n) n\k(k+l)---(k+n-l) (k+ 1)- • • (k+n) J ’ 

and it follows that 

_ 1 y H k 1 y H k 

n j“ 1 k(k+l)(k + 2)---(k + n-l) n ^ (k+X)(k + 2)---(k + n) 


= Vt--x 


flm-l 


n J ~ 2 w ( m + 1) •••(« + «— 1) 


On the other hand, 


fl»-i 


= 1 


H m - 1 


^2 m(m+ 1) •• • (m + n — 1) m(m+ 1) • • • (m + n— 1) 

“ H m 


m(m+ 1) • • • (m + n — 1) 

_ V I 

" 2 w 2 (m+l)---(m + n- 1) 


= x 


H m 


1 

^ m(m+ 1) • • • (m + n— 1) n\ 

_ V I 

" 2 m 2 (m+l)---(m + n-l) 

= S n -l-- t ~T n _ l , 


where 


T n~l = X 


“m 2 (w+l)---(m + n- 1)' 
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Putting all these together we get that 

„ 1 , 1 
Sn = 7 + ~T„- 1 . 

n-nl n 

To calculate T„_i we note that for n > 3, one has 
1 


(3.20) 


m 2 (m+ + 1 ) 


1 


1 


n — 1 \m 2 (m + !)••• {m + n -2) m(m+ 1) ■ ■ ■ {m + n - 1) 


Thus, 


1 


Tn-l = — T T n -2- -J-r £ 

n — 1 n — 1 i 

On the other hand, 


1 


f-X; 


“,ra(ffl+l)-(ra + n-l) m{m + 1) • • • (m + n — 1) n! 

1 1 


(n-l)-(n-l)! n!’ 

where the last equality follows based on Problem 3.10. Thus, for n > 3, one has 


T n i = 


Tn-2 

n- 1 («-i) 2 -(n — !}! ^ (n-l)-nl' 


1 1 

7 + - 


This implies that 


(n— 1)!T„_! = (n — 2)\T n -2 — 


[n— l) 2 n(n- !)’ 


and it follows, since 


Ji = X 


1 7T 2 3 


m 2 {m + 1) 6 2’ 


that 


T n - 1 = - 


1 /tt 2 1 / 1 1 


« — 1)! \ 6 n \V- 2 2 {n- \) 2 ) ) ' 


(3.21) 


Combining (3.20) and (3.21), we get that the desired result holds and the problem 
is solved. 
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When n = 1 one has that 


e — V _ y ( Hk _ H k+\ 

1 k^\ k{k+ 1) V k k + 1 



Remark. The problem has been generalized in the following way [23,40]: For every 
natural number n> 2, 


»*x 


H k 

k(k+ 1) • ■ ■ ( k + n ) 


-** +n 


Mx-tf ln(l 

7o t(i-t) 


t) 


At. 


3.61. Let 


^=X 

k= 1 


^ 

fc 2 (fc+l)(&+2) •••(&+«)' 


We have, for n > 2, that 




k 2 {k+l){k + 2)---{k + n) 

= 1 1 

n k 2 (k+l)(k+2)---(k+n-l) n k(k+ \)(k + 2) ■ ■ ■ [k + n) 


and it follows that V„ = \V n -\ - \a n , where a n = Yk= l k(k+i)(k+%~(k+nj - This 
implies that n\-V„ = (n— 1)! • V n -\ — (n— 1)1 ■ a n . Thus, 


n\ ■ V n = Vi — (1! -02 + 2! -a 3 + 3 ! -a^-\ 1 - (n— 1)! • a n ) . 

On the other hand, 

and (see Problem 3.60) 


1 / n 2 




(n— l) 2 


Putting all these together we get that the desired result holds and the problem is 
solved. 

For an alternative solution, see [1 16]. 

3.62. We need the following integral [44, Table 5]: 


f'ln fl Li i W dj[= _3 
o 1 -X 4 


1 —x 
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Since 


f l yi+m-l 
JO 


Inydy = — , 1 ^ and C(2)-][,A=£- 1 


(n + m) 2 


^k 2 “Jri + m) 2 ’ 


one has, based on (3.17), that 


(jt Kvdj 


Jo Jo 1 — y 


Thus, 


S= Y g "(^ 2 ) ^=i 1/A;2 ) = V [ l / 1 x n - 1 / ln(1 ~ x)ln3; dxdy 

“j n £?\Jo Jo ' l—y 


= f 1 f l y'nyln(l v) f 1 yln> 

Jo Jo (1— y)(l— Jty) ' V Jo 1 — t 


y \Jo l-ry 


dx I dy. 


To calculate the inner integral we note that an antiderivative of is the 


function 


It follows that 


ln(l-x)ln(^)+Li 2 (^)) 


f'M 
Jo 1 


ln (l-^)^_ Li2 (^ 


J-dx= - 
xy y 

Il„2/ 


On the other hand, Li 2 (-44-) = — \ ln 2 (l — y) — Li 2 (y) [84], and it follows that 
1 ylny ~^ln 2 (l -y) -Li 2 (y) d __1 f 1 lnyln 2 (l-y) 


[' y!ny 
Jo 1 -> 

f 1 lnyLi 2 (y)^ _ 1 r 1 lnyln 

Jo 1 — y ^ 2 Jo 1 


1 r l lnyln z (l-y) 

2 Jo l^y y 


1 3 

y 4 v 


3.9 Solutions 


213 


Let I = /q 1 ln;yl °_y ^ dy. We integrate by parts and we have that 

(\n 3 x i A 

3 Jo y ’ 3 Jo 1-* 3 Jo y + j 

since f 0 l x"‘ In 3 x dr = - 3 ! / (m + 1 ) 4 . Thus, S = - \l + § £ (4) = \ f (4) . 
For an alternative solution see [131]. 


dx 


3.63. See [11]. 

3.64. Let 


S„=X-f ln2- — 

" lr - L 


k + 1 it + 2 


Using Abel’s summation formula (A.l), with 

= r and b k = In 2 - — - 
k k + 1 k + 2 

one has that 


" 2k' 


S n =H n -( ln2 — 


n+2 n+3 


I(l + i+" + T 


2n + 2 


1 


k) (2k + 1 ) (2k + 2 ) ’ 


This implies, since 


limtf„ ( ln2 — 


n+ 1 n + 2 


2n i = ° ( proveit! )’ 


that 


t'z 


- In2 — 


1 


1 


1 


= x 


i + |+- + i 

n+ 1 n + 2 2nJ ~ ^(2n+l)(2n + 2Y 

To prove the second part of the problem we have, based on (3.18), that 
ln(l — x 2 ) 


1-x 2 


-=x*«- 


— 1 <x< 1. 


It follows that 


rfr ts-^ -u 

'o \Jo 1-x 2 J “j (2i 


H " 2n+2 

~ (2n + l)(2n + 2) 4 ' 
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When z = 1, this implies 


/ r 1 ln(l x 2 ) \ ^ H n 

-Jo [Jo J Si^TThST 


+ 2 )' 


We calculate the integral by parts with 

•'» = >. *(')='• 

and we get that 

tf'f t 

ao \4o 1— x z / 4o 1— x z 4o 1— x z 


/Mi 

Jo 1 


ln(l — x 2 ) 


+x 

= f l WM dx+ r i m 

Jo l+x Jo 1 


dx 


ln(l-x) 


dx 


In 2 2 z* 1 ln(l — x) 

~^r + Jo l+x 


Thus, 




B t' 1 (2n + l)(2n+2) 


- /' 1 Mizi) de= ^_ ln 2 2 

2 Jo l+x 12 


ln(l — x) 7T 2 In 2 2 

Jo 

For an alternative solution see [12], 

3.65, and 3.66. See [79], 

3.67. Let 5(^) = S“=i (infc — H^ + Hn — One can prove, based on [62, 
Formula 1.352(2), p. 37] and [62, Formula 1.392(1), p. 40], that the following 
formulae hold 


V' 1 2 mn j k i-J mit k 

l7'cos— = -- and jQ^in— = ^ rr _ (3.22) 


Recall that the Digamma function, \\r, verifies the identity [122, Formula 3, p. 14] 


V '(*) = 


r'(x) 

r(x) 


= -r- + S + 


1 1 


, x> 0. 
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For p and q positive integers, with p < q, one has the Gauss formula, [122, 
Formula 47, p. 19], which allows the calculation of the Digamma function at positive 
rationals less than 1 


i^i npn t -, 1 

v l — ) =-y- + cot — - ln< ?+X c 


2 knp 


In ( 2 sin 


kn 


<1 “ 

We have, based on Abel’s summation formula (A.2), that 
S(k) =j^n(\uk-H kn +H n - k ^--\nk + H k(n+] ) -H n+} + , k ~ l 


(3.23) 


2k(n+l) 


k- 1 


/ i i i & — i k — 1\ 

1 kn + 2 + kn + k — 1 kn + k 2kn{n + \)j 


~ k - 1 

~x» x 


=x x 

n=l V=1 


k - 1 


-E 


is 


\kn + j 

kn + k J 

1 2kn(n+ 1) 

n 

n \ 

1 ) 

kn + j 

kn + k) 

2*(n+l) J 

YJ_- 

j/k ' 

\ k - 1 N 


=i li 


■ j = i 




n + 1 n + j/k y 

/ 2&(n 4 

j/k 

n 

/A \ 

n + j/kj 

i v ( 

+ A,C 

j/k 

j/k \ 

+— ( 

n 

n + j/k) 

2* [ 

1 

1 ^ 

k- 1 

n 

n + j/k) 

2k 

^ A 

k\ 

k— 1 

A/ 

+ 7 +j) ~ 

~2k 

^ A 

\ k- 

1 

A; 



Vn+1 n 


k- 1 

’2ifc(n+l) 


Using (3.23) we get that 


j\ n in V7 2 min, / . mn\ 

_j +7= __ co t T _l„( r+ Jco s — ln(2sm— ). 
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It follows, based on (3.22), that 




This implies that 


'A 2 ,, 

n 

~W 


k - 1 , 

2>( 


. mjz \ %-} . 
2sin — — J 2 j J cos 


k J 


/—I 


2mnj 

k 


j'7r A: - 1 1 * 1 

X-Acot^r inA: — 

M * 


2A 


1 * -1 / 

2ll ln ( 2sin 


A: 7 


n V fa A: - 1 , 

= -5T2l2COt — InA: 


_ 2^ ln 


A 2k 

1 TT • 

ri sin T 


7t V jTt A-l In A: 
= -^2 2>ot--^lnA-- 


i=i 


2A 


2A 


7r jn In A 


A- 1 
2k 


jn In A 


2A 2 


i=i 


When A = 2 or A = 3, we get the following series formulae: 




1 In 2 


and 


£ ln3-% + fl„ 


1 KsJ 3 In 3 
3 ~54 2 


Remark. It is not hard to check that the series X«=i (In A— +H n ) diverges, hence 

the correctional term (A — \)/2kn which makes the series convergent. 

3 . 68 . and 3 . 69 . These problems, which are due to Kouba, are solved in [78]. 
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3.70. Recall that the Dilogarithm function [84, 122] denoted by Li 2 (z) is the special 
function defined, for |z| < 1 , by 


Li 2 (z) = 


J> 2 ~ L 


ln(l — t) 


At. 


When z = 1 we have that Li 2 (l) = Y,k=\ 1 /k 2 = n 2 / 6. 

If x £ (0, 1), the following identity holds 

lnxlnfl — x) — -ln 2 (l — x) +Li 2 (x) + / — ^dK = (). (3.24) 

2 Ji u 

To prove this identity we let / : (0, 1) — > R be the function defined by the left hand 
side of (3.24). Then, a straightforward calculation shows that f{x) = 0. Thus, / is 
a constant function and hence f{x) = lim^o f{x) = 0. 

We also need the following integral (see entry 4.262(2) of [62]): 

Jo x 15 

Now we are ready to solve the problem. We have, based on (3.17), that 

„t ta (> >"(■ 



We calculate the inner integral, by making the substitution 1 — xy = t, and we 
have 

1 t‘ ln(l-l /x + r/jr).. 


Jo 1 —xy xj i 


= i r 1 M1M #+ 1 r 1 M*- i+O jj 

X Jl-x t X Jl-x t 

1 , ,, . 1 f 1 ln(x — 1 + 1) , 

= -lnx- ln(l — x) + - / -At. 

x x Jl-x t 


The substitution t = ( 1 — x) u, in the preceding integral, combined with (3 .24) implies 
that 
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r l w y) d i lnJclll (i _ jc) + 1 f 
Jo 1—xy x xJ i 


1 [W-*)\n(l-x)(u-l) 


d u 


VO-*) ln(w — 1) 


It follows that 


= X - Mnxln(l-x)-ln 2 (l ~*) + f 


= \ ^ In 2 (1 —*) — Lh{x) 


1 f 1 ln 3 (l ~ x \^_ /' ln(l -x)U 2 (x) ^ 


d u 


if =-u^-i 


= 1 


TV TV 

= 30 + 72 


\1tv 
360 ' 


Remark. Historically, this series identity was discovered numerically by Enrico 
Au- Yeung, an undergraduate student in the Faculty of Mathematics in Waterloo, 
and proved rigorously by Borwein and Borwein in [17]. This intriguing series, 
involving the square of the nth harmonic number, has become a classic in the theory 
of nonlinear harmonic series. It appears recorded as an independent study problem 
in [108, Problem 2.6.1, p. 110] and, as a formula, in [98, Entry 25.16.13, p. 614], 
We mention that a nonlinear harmonic series is a series involving products of at 
least two harmonic numbers. For reference materials on this type of series, as well 
as surprising evaluations of sums involving harmonic numbers, the reader should 
refer to the work of Srivastava and Choi [25], [123, pp. 363, 364]. 

3.71. and 3.72. These problems are solved in [47], 


3.9.5 Series of Functions 


There are things which seem incredible to most men who have 
not studied Mathematics. 

Archimedes of Syracuse (287-212 BC) 


3.73. The series equals 


1 


i(-iy + v- i c(7)+(-ir +1 
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where the parenthesis contains only the term (— l)" +1 (y(x) + 1/x + y) when n = 1. 
See the solution of Problem 3.9. 

3.74. The series equals ( , \ _ x ky We have 


£ 

n=l 


8 

II 

(£)‘- 

(£) 

X*"* 

n=l 




x 2k 





(1- 

-x) k (l-x k ) 



3.75. The series equals — 

r In ( 1 — x^). We have 



y 1 

( 1 i x f 

.... f 

i /x” +i y 

x* 

y 


\\-x 

) h 

n{l-x) 

(1-x 

fk n 




X " Inf 1 

Jc\ 




( 

1-x)* ( 

x j. 


3*76. Since \ 1 t n ^ — 

we obtain by integration that 



Ia 


-ln(l-x). 



Thus, 






1;' 




Crh( 




.^nd-t) 

ln 2 (l — ,i 

0 




Jo 1 -t 

2 



Remark. 

The interchange of the order of summation and the 

order of 

integration is 

permitted since £“ =1 f n /n = - 

In ( 1 — f) converges on — 1 < 

f < 1 , and hence, the 

series converges uniformly on 

[0,jc] C (-1,1). When x = — 

1, the equality follows 

from Abel’s summation formula. 




3.77. We 

have 






y 1 ( x P k 

1 \ y 1 

n- x p n 

1 ^ 




1-xM " n 

V 1 -xP 

i-xp y 




1 

“ x p n 
~xP “j n 





ln(l - 

-xP) 




1 — jc p 
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The second part of the problem follows from the first part by replacing x p by —x p . 
3.78. The series equals 

x 1 l+x 
2(1+ jc) 4 n T^-x 

Let S be the sum of the series and let be its 2nth partial sum. We have 

2n / r 2 r 4 \ 

s 2 „ = ( ln (! -*)+* + y + "' + yj 

■ i 2 *( ta( i-4+*+f+-+| F ) 

n n / ^2 r 2k-l \ 


It follows that 

5 = - fc | 1 x 2 fc -i( ln( 1 -x ) +x+f +-+^n 




J2k+m 


2 k + m 


"l-x 2 


-ll [ 

lr= 1 


X 2 f x t 

(l-t)(l-t 2 ) 

X 1, l+x 

— -ln- 


2(1 +x) 4 1 — x 

3.79. The series equals 


- ln 2 (l - x) + ln(l -x 2 ) - ln(l - x). 
1— X l—x 


3.9 Solutions 
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We have 


, 1 x 2 x" x* + " 

In- x — = 

1 —x 2 


- = ££ 2 - = £/>"-'< >' = [ y-, to- 

n t-\k + n j~, Jo io l-l 


Thus, 


if in T^ — *-T — -V=£ r^dt r^—du 

, V 1 - * 2 n / “Jo 1-1 io l-« 


'o Jo (i-0(i -M ),^r 


^ (lw)”dfdM 




(l-fw)(l-f)(l-w) 


drdw 


dw | dt. 


o (1 fw)(l m) / 


On the other hand, a calculation shows that 


1 


(1 — tuj (1 — w) 1 -t 


d u = - I — ln(l — x) + - ln(l — fx) 


It follows that 




d u df 


i:hs: 


t y 1 — ln(l — x) ln(l-xf) 
" + 1 ( 1-0 


= r 1 ( -Hi- 
Jo l-t v 1 -t 


= — ln(l — x) 


= — ln(l — x) ( ln(l — x 


>r 


1-xy 1 — X io x-l\l-fx 1-ty 


= - Ml - ,) (hi -,) + JL-) + 1 1 + *\W - -^in(i -9 

\ 1 —xj 1 —x l—x 

= - ln 2 (l -x) + ~ ln(l -x 2 ) - ln(l - x). 

1 —x l — x 


3.80. The series equals 


x 2 / ln(l — x 2 ) 


(1-x) 2 


— ln(l — x) 
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We have 


fin — 

1 X 2 

--)( 

j— 1-x-x 2 - 


V 1 

-x X 2 

nj\ 

1 — X 

; 


xo*) n i>* _i x df 

«=1 k = 1 /?=1 / 

1 — fx 1 — f 1— x 

- * 2 f* .* - df 
1—xJo (l-fx)(l-f) 

x 2 r x 1 / I 1 

1— x7o X — 1 \ 1 — tx 1 — f 
x 2 / ln(l — x 2 ) 




--ln(l-x; 


Remark. One can also prove that if a e [—1,1] and 0, then 
1 x 2 x"\ / 1 


ax 2 


' (1 — x)(ax— 1) 


ln(l — x) — 


n ) \ 1 — x 
ln(l — ax 2 ) 


— 1 — x — x 2 x" 


3.81. (a) Let 


First we note that 


Tk{x) J 1 n(n+l)(n + 2)-(« + *)- 


n(n+l)(»H-2)---(n + ifc) 

1 , 


k \n(n+ l)(n + 2)- • • (n + k— 1) (n+ l)(n + 2) • • • (n + k) 
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and it follows that 


!»(*) = \ 1 Uj- X 


““'iU-.M-X 


P (n + \)(n + 2) ■ ■ ■ (n + k ) 


pm(m + l)(m + 2) • • • (m + k— 1) 


= -[T k _ 1 (x)-e- ix (T k _ l (x)- 
1 — e 


k Tk ~ l{x) + k^.- 

Let a = 1 — = 2 sin | • e ( 2 1 and let x k = k\ T k (x) /a k . The recurrence relation 

implies thatx^ = x k -\ + l/ka k , from which it follows thatx^ =^o + Sy=i 1 / jd ■ On 
the other hand, xq = Tg (x) = £“ =1 e ‘ xn / n - Thus, 


IV+I 


1 


Pi n Pi J aJ 


It follows that 


T k {x) = 


(2 sin j)* Hi t-x) 


Iir + h. 


Pi n y w, 7(2sinf)7 


Thus, for calculating 5^(x) we need to calculate the real part of T k (x). Hence, 

ixn k 


S*(*) = 9t(r*(*)) = 9t 


= 9l( (2sinf) ^ 
k\ 


Pi n p\ ;'(2sinf)i 


. (3.25) 


We need the following two well-known Fourier series for sine and cosine [62, 
1.441(1), 1.441(2), p. 44]: 


I 


sin fix 
n 


n-x 

2 


0 < x < 2n, 


and 


5 — =- ln ( 2 sm 2 ) 


0 < x < 2n. 
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A calculation, based on (3.25) and the previous formulae, shows that 
(2 sin |)* 


S k (x) = 


Id 


-In ( 2sin |) - 


(n — x)k / x\ n-x . ( n-x)k ^ cos ^ ^ 


I - 


2 jNl J'(2sinf) ; 


(b) To solve the second part of the problem, we let x = n and we get that 


3.82. See [26, Proposition 4], 

3.83. We have 


SS (rh:- 1 — ^ = S ± X 

\ I— A / „_i 


«=lm=l p—0 

n=l m=l p=0 


l-x 


On the other hand. 


II I- 


J. _ x^ _ _ x" +m \ _ 


l-x 


III 


:x n+m+p + 1 \ 


n + mj ^i^iV^o n+m + p+l) 

-ii 




=r— 

(1-; 


(1-0 3 
3X 2 — 2x 
: 2(1 — x ) 2 ~ 


ln(l-x). 


3.9 Solutions 
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3.84. Let S(x) be the sum of the series. We prove that 


S(x) = 


x + 1 | 4- 1- — sinhx if p is odd, 

1 + |y 4 f- ~ coshx if p is even. 


Let S n (x) = X£ = , (- 1)* - 1 - f| - ^ • We apply Abel’s sum- 

mation formula (A.l), with 


a k = (-\) k and b k = e x - 1-^ 


2! 


j^+P 

(k + p)V 


and we get that 


5„w = ((-i)+(-i) 2 +-.+(-ir) 


+ i((- i )+(- i ) 2 +---+(- 1 )") 


(A: + /? -I- 1 ) ! ‘ 


yj+t+P \ 

(n+l+/»)lj 


This implies that 


S(x) 


y _ ” ^t+P+2 

■ ^ (k + p+l)l~~^ 0 (2l + p + 2)l 


x4-§|-4 — sinhx if pis odd, 

1 4- jf 4 1- y — coshx if p is even. 


3.85. The series equals 


Let S(x) be the sum of the series. We have 

= S(x)+xe~ x . 

Thus, S’(x) = S(x) + xe~ x , and it follows that S(x) = Ce x - (x/2+l/4)e~ x , 
where C is the constant of integration. Since 5(0) = 0, we obtain that C = 1/4, 
and the problem is solved. 
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3 A Bouquet of Series 


3.86. The series equals 



Let S(x) be the sum of the series. We have 

= S(x)+f j n 2 ~ 

:m=t • 

= S{x) + % (^j! + „li (^ij! ' ■ 

It follows that S' (jc) =S(x) + (. x 2 +x)e x , and hence S(x) = (jc 3 /3 +x 2 / 2) e x +Ce x , 
where C is the constant of integration. Since S(0) = 0, we obtain that C = 0 and the 
problem is solved. 

3.87. The sum equals 

{ £ x — ^1 + 7^- + • • • ■+■ jfi'j if p is even, 

-(x+Jl + '-' + y) if P isodd - 

Let S n (x) = 'Lk=i(~ 1 ) k (Jr + + + Using Abel’s summation 

formula (A.l), with 

jk jjc+l X^ +P 

a k = {-\f and b k = - + + • • ■ + 

we get that 


s„(*) = ((-i)+(-i) 2 +- ■+(-!)"; 


7 + “ 


(b+ 1)! (n + 2)! 


+ •■■ + 


(n+l+p)\ 


+ i((-U + (- 1 f + - + M)*)(s 


X k +P + 1 \ 

{k + p+l)\J ' 


Thus, 


lim S n (x) = 

n—>°° 


^ xk+p+i 


(k + p+ 1)! k\ 
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=x 


r 2/+p+2 


£ 0 \(2l + p + 2)\ (21+ 1)! 

e~ x — (l + fyH l-fl) pis even, 

_ ( x +lH bfr) if pis odd. 


3.89. (a) Let 


We have 




y w = f(oy + 1 /«•)( 01^-1-ff-fy 5^ 

= («■ - 1)/(0) + £ / w (0) 5~l)i “ S 

+/(o) + £/ w (<>)-^ 


= yM + /M- 


The solution of this linear differential equation, with initial condition >’(()) = 0, is 

y(x) = [ e x -‘f(t)dt, 

Jo 

and part (a) of the problem is solved. 

For an alternative solution of this part of the problem, which is based on a 
recurrence formula, see [103]. 

(b) Let f(x) = e ax . Since /W (0) = a n , it follows in view of part (a) of the problem 
that 


£«' 



if a ^ 1, 
if a — 1. 
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Remark. When a = — 1 we get that 


n = 0 



2! 


and, when a = 1 and x = 1 we have that 


= sinhx 


I 



1_ Ti 


i 

2! 


= e. 


3.90. (a) Let 





We have 




= lnf W (0)[e x -l-^-- 

= I«/ w (o)(^-i-n4 


+ I/ ( " )(0) -^ 

= y(x)+x/'(x). 


jc ”- 1 

(^T)! 

jc ”- 1 

(^Tj! 

Jt”- 1 

(^T)! 



The solution of this linear differential equation, with initial condition y(0) = 0, 
is given by 

y(x) = [ e^tf'itjdt. 

Jo 

(b) Let f{x) = e ax . Since /M (0) = oc", it follows from part (a) of the problem that 

(e ax ax - xe ax -e ax + e x ) if a ± 1 , 
if a = 1. 
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Remark. When a = — 1, we get that 



x" 

b! 



and when a = 1 and x= 1, we have 



2 


e 


3.91. A solution of this problem is suggested in [86]. 

3.92. The series equals 


Let S(x) be the value of the series and let S n (x) be its nth partial sum. An 
application of Abel’s summation formula (A.l), with a k = (— l) i_1 and b k = 
f(x) — T k (x), shows that 


s n(x) — (( 1)° + ( l) 1 H l-(-l) n *) (f(x) — T n+ i(x)) 



Thus, 



P % m 2 

A generalization of this problem is given in [90], 

3.93. For a solution of this problem see [86], 


f J p f { 2 p \o ) _ /(*)+/(-*) 

L (7 nl! ? 


3.9.6 Multiple Series 


A proof tells us where to concentrate our doubts. 

Kline Morris 


3.94. The series equals — ln2 — 7T 2 /12 + 3£(3)/4 [77]. An alternative solution, 
which is based on an application of Problem 3.96, can be found in [54]. 
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3.95. The series equals 2£(a — 3) -t-3£(a — 2) — £(a— 1) — £(a). We have 


II 



= 1 


( E 

\k 2 <n+m<(k+ 1) 2 




( I >)■ 

\k 2 <n+m<{k+ 1) 2 J 


On the other hand, 

I 1= I 1+ I 1 + -"+ I 1 

k 2 <n+m<(k+l) 2 n+m=k 2 n+m=k 2 + 1 n+m=(k+ 1) 2 -1 

= — 1) + + • • • + ((& + 1)^ — 2) 

= 2k 3 + 3k 2 -k- 1. 


It follows that 


II 



= 1 


2k 3 + 3k 2 -k-l 


= 2 f(a- 3 ) + 3 C(«- 2 ) - f(a- 1 ) - C(«)- 


3.96. For positive integers v and n, we let A v = Xm=i «v+™ and s n = £" =1 A V . 
Likewise, for every positive integer n we let C7„ = X”=i a k and o n = X” =1 Since 
A v = a — cj v , it follows that 


= na- ^ ct v = «tr— ^(» 4 *I — = ncr + < 7 „ — (n+ l)cr„ = — , ( 3 . 26 ) 

v=l k=l v « 


where u n = o — o n + (o n — (7 n )/« and v„ = 1/n. On the other hand, it is straightfor- 
ward to show that 


u n + 1 - »n 
V„+l-V„ 


— On+1 — On+1- 


Since 


u n+i -u„ 

hm = a 

v„+i - V„ 


an application of Stolz-Cesaro lemma (the 0/0 case) implies that .v = lim n ^>°°s n = 
lim„_> M u n /v n = d-o. 

3.97. Let w„ = nci 2 n + c^n-i- With the same notation as in the previous problem, 
we have, based on (3.26), that o + S 2 n = (2 n + 1)(<7 — 02 „) + cb,, = x n /y n . where 
x„ = o — 02 n + 2 n+T ® 2n an d >’« = 1 / (2« + 1). On the other hand, 


x n + 1 ~x„ 
y n + 1 -y n 


2n+l _ 1 

2 a 2n+2 + 02n+l — W n+ i — - ri2n+2 • 
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Since a n — > 0 as n — > °o, we have, based on Stolz-Cesaro lemma (the 0/0 case) 
and lim„_ > «,(«a 2 n + 02 «- i ) = /, that Um„_ >00 ((7 + S 2 n ) = Z, and it follows that 
lim,,-^ ,s' 2 « = £ — (J. On the other hand, since S 2 n + 1 = S2n +Ain+\ =S2 n + O' — 02n+i , 
we get that ]im„_ >0 » S 2 n+i = lim„_ >0 o s ln = Z— O . Thus, s n = Z— O. 

Remark. Problems 3.96 and 3.97 are due to Tiberiu Trif, and they refer to the special 
case when a double iterated series equals a difference of two single series [54], 

3.98. See [55], 

3.99. The series equals (7T 2 ln2)/6— (2 In 3 2)/3 — f (3)/4. We have, based on (3.17), 
that 



( ^ yi+m ^n+m 


«*■ 2 !(-■)' 


+ „n±m I 


n-m Jo 


Jo 





ln(l — x)ln(l + jc)^ 


It follows, in view of (3.18), that 





.n+m 










and the result follows based on Problems 3.56 and 3.57. 
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3.100. The sum equals £ (3) /4 - (In 3 2) /3 + (In 2 2) /2 + In 2 - 1 . Replacing jc by -x 
in (3.18), one has that 


ln(l+x) 

1+x 


= X(-1 T-Hn-x”, 

n=l 


— 1 <X< 1. 


(3.27) 


Thus, 


X X (-\) n+mH ^ = X X /V- 1 dx- 


(357) ln 2 (l+x 


-jC hi™) 

= Jo b2{1+x) (*- 

= r r r 1+&, 

Jo x Jo 1+x Jo (1+x) 2 


1 


1+X (1+x) 2 


x(l+x) 2 

dx 


g(3) ln 3 (l+x) 
4 3 


ln 2 (l +x) +21n(l +x) +2 


1 + X 


£(3) In 3 2 In 2 2 , „ 1 

! ¥"3- + -T- +ta2 - 1 > 


since /q 1 ln 2 (l +x)/xdx = £(3)/4. 
3.101. We have 


X X (- 1 ) n+m 


H n H m 
n + m+1 


= X X (- 1 )"+'"//„ • H m [' x" +m dx 

n=l m=l ^0 


(357) f 1 ln 2 (l +Jf)X 
Jo (1+x) 2 


/ ln 2 (l +x) 

21n(l+x) 2 \ 1 : 

V 1+x 

1+X 1 +Xy |( 


= -y-ln 2+1 . 


3.9 Solutions 


233 


3.102. Exactly as in the solution of Problem 3.101, we have that the series equals 


(-1)' f 

Jo 


ln*(l+x) 

(l+x) k 


dx = 




2 ln A y 


and the last integral can be calculated by parts. 

3.103.-3.105. See [52], 

3.106. 3 Lety m = (— 1) + (— 1) 2 -| 1- (— l) m . We apply Abel’s summation formula 

(A.2), with 


, = (-!> 


and 


b m mt + - + ... + - 


- - ln(« + m) - y, 


and we get that 


I(— l) m (l + i + -- + ^-ln(n + m)-y 


= jim y m ( 1 + - - 


n + m + 


y-ln(n + m+l) - y 


+ Z y™ (ln(n + /M+l)-ln(n + m)- 


1 


n + m+l 


~Z (ln(n + 2m)-ln(n + 2m-l)- — — 

V n + 2m 


It follows that 

= - X( -1 )" X ^ln(n + 2m) - ln(n + 2m - 1) - ^ + 2 m) ' 
We apply Abel’s summation formula (A.2) one more time, with 

a n = (— 1)” and = Z ^ln(n + 2m) — ln(« + 2m— 1) 


3 The solution of this problem is based on a joint work with H. Qin. 
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and we have that 


— S = lim y n X ( In (n + 2m + 1 ) — In (n + 2m) - 




(n + 2m-l)(n+l+2m) n + 2m n + 2m+l 




where a, un denotes the sequence 


21n(2« + 2m — 1) — ln(2n + 2m — 2) — ln(2 n + 2m) - 


We used that (prove it!) 


1 1 

2 n + 2m — 1 2 n + 2m 


Jim jn £ (\ n (n + 2m+\)-Hn + 2m)- n+{+2 ) = 0. 


*=XX‘ 


X X ( 21n(2* — 1) — ln(2£ — 2) — ln(2£) - 


X(Jt-l){ 21n(2 k- 1) - ln(2* — 2) - ln(2*) - 


Let S„ be the nth partial sum of the preceding series. First, we note that 


(*- 1) (21n(2 k- 1) - \n(2k- 2) -\n(2k) - + -J 

= (2k- l)ln(2 k- 1) -ln(2 k- l)-2(k- l)ln2- (k- l)ln (k- 1) 


-klnk + \nk + 


2(2* -1) 2k' 


and it follows that 


S n = ^(2k- l)ln(2k- 1) “In Vr -n(n- l)ln2- ^(k- l)ln(*- 1) 

k=2 A H - k= 2 
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k=2 ^ k=2 Z ' A ' 1 ^ k—2 K 


= B 2 n — 4 B n — (2 n 2 — n) ln2 + In 


M! 

(2 n)! 


where = Slt=i &ln&. On the other hand, 


H„ = y+\nn + 0[ - 


|-nlnn + 


H ln 3 H n 
~2 4 ~ ’ 


and, by Stirling’s formula, 


( n l)2 i ] 

In ; \ = -Inn — 2nln2 + -lnft + O ( - 
(2 n)! 2 2 


Thus, 


■Sn = fim — 45,, — 2n z + n— - ln2 + n + - Inn — -j + — - + O - . 


y In n 


Let 


A n = - 


1 1 2 2 ---n" 


‘ ^n 2 /2+n/2+l/12g— n 2 /4 ’ 

and we note that 5„ = In A n + (n 2 / 2 + n/2 + 1/12) Inn — n 2 /4. Thus, 


o(-), 


S n = \r\A 2 ,, — 41nA„ + — ln2 — - + - 

12 4 2 


and the problem is solved. 

Remark. The problem is motivated by an alternating series due to Hardy [20, 
Problem 45, p. 277] which states that 

£(-l)" _1 fl + ^ + • + -— In n-y\ = ^(ln^-y). 


1 


3 . 107 . The series equals g (ln32 — n). Let 


r=X(-l) n X(-l) m Un2- 
1 m=l \ 

i m be the mth partial sun 
Sm=£(~ l) k (ln2- 


1 


1 


n + m+1 n + m + 2 2(n + m) 

and let S m be the mth partial sum of the inner series. We have 

1 1 1 


fc=1 


n+k+l n+k+2 


2 (n + k)J 
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An application of Abel’s summation formula (A.l), with 

1 1 1 


a.k = (— 1 ) and bk = ln2 — 


shows that 


S»=£(- l)*(ln2 — 


1 


n + k+1 n + k+2 


1 


2(n + k) ’ 


1 


+ X((- i)+(-i) 2 +---+(-i)' 

ft=l v 


n + m + 2 n + m + 3 2(n + m+l) 

1 1 


2n + 2k+\ 2n + 2k+2 


Thus, 


iims m =j J U-i)+(-i) 2 + -+(-iy 

fe=i ' 


*=2p+l 


1 


1 


2« + 2k+l 2n + 2k+2 


= P+ ' I 


\2n + 4p + 4 2n + 4/? + 3 
= £ f 1 (x 2n+4 P +3 -x ln+4p+2 ) dx 

p= 0“'° 


-r 


l+x + x 2 +jt 3 


5-dx. 


This implies that 
£ (-l)- (ln2- 
and it follows that 

T = 


1 


1 


1 


n + m+1 n+m+2 


2o l+x + x z +x J 2o 


2(n + m) 


A _ J( 2n+2 dx 

o 1 +x+.* 2 +if r 


/•l 


x 4 dx 


1 -J- x -|- x -f- X' 
x 4 dx 




'ck 


7o (1 +JC + ^ 2 +JC 3 )(l +JC 2 ) 7o (1 +JC)(1 +J^) 2 8 

3.108. The series behaves the same like the integral 

cbci • • • <k„ 


= o (ln32 — 7r) . 


r- 

2o ./o 


(i+^f +---+4 n ; 
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Changing variables, x,- = y l J Pi , i = 1 , . . . , n, we get that I = J/{pi--- p n ), where 

2L- 1 ifei* 

r r vf 1 ■■■yT A 
Jo Jo (1 +>•] + J2-1 4 ->«) P 3,1 yn ' 

For calculating J, we use the following equality: 

l = 1 [ e -u{ i +yi+y2+-+yn) u p-iA u 

iWo 

Thus, 

It follows that 


r(iM)-r(i/ P „) 

r(p) 


yi yf' VY- 

■■( f e~ uy "yF ' dy„ ) du. 

J 

\J o J 

/r(i Jpt)\ 

■( T{l/Pn) \du 

V u'/Pt J 

V u'/Pn ) 


Jo 


,-M p - 1 - (1 /pi ' I /p 2 !-•••+ 1 / p n ) 


dw, 


and this integral converges precisely when p — (1/pi H 1-1/ p n ) > 0, since 

r e - u u p - l - {llpi+llP2+ - +llPn) Au = t(p-- -V 

Jo V P 1 P2 Pn) 

Remark. The problem was motivated by problem [9, Problem 36K, p. 315], which 
states that if p > 1, then the double series Xn=iXm=i l/(m 2 +n 2 ) p converges. 
Various versions of this problem appeared in the literature; see, for example, [133, 
p. 52] and [123, p. 142], Two closely related problems [138, Problems 8 and 9, p. 
189] are about proving that 


N N 

II 


1 

n 2 +m 2 


In N as N - 


and 


I 

n 2 +m 2 >N 2 


1 1 

(« 2 +m 2 ) 3 / 2 ~ N 


as N -*■ “. 
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More generally, one can prove [46] that if /, > 0 are real numbers and p,p, are 
positive numbers, i = 1,2 then 


k\'k 1 *- 


< c 


l+/l 

44 — L + - 

PI 


l+/„ 


Jfc 1 ,..Jb,=l (*l 1 +*"+*?’) p PI p» 

3.109. We consider only the case when a = — 1. The sum equals 


<P 


( 1)* ( ln2 2 k ^{k~X)^2 k -\k~%) 


We have 


, +•"+»» 
' i ni+n2 + ---+«* 


£ f\-x) ni+n2+ ' +nk -'dx 

m =1 JO 



Let 


J =L 


1 /- 1 


1 Mo- 
using the substitution x/(l + jc) = z, we get that 

Jfc-i 


J 




+ ---+Z+1 + 


z — 1 


dz 


yk— 1 jfc-2 

_ + I +ln2 


= ln2 — 


1 1 1 

2 t - 1 (l-l) + 2 i “ 2 (l-2) + '" + 2 


The case when a £ (—1, 1) is solved similarly. 
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For an alternative solution see [83], 

3.110. Use that 1 /(m + ---+n k ) = /„* x» i+-+m- 1 dx . 

3.111. We prove that 


We have 


s(p) 


s(p ) 


*!C(*+1) 

fe!xf- 0 1 (-iy( j, / , ) 1I - l l Jjt i 


= £ — - — /V+ 



if p = 0, 
if p> 1. 




= [ (-ln(l-x))V _1 djc 

Jo 

= (-l) k [ 1 ]n k (l-x)x p - l dx 
Jo 

= (-\) k f\ k x(l-xy- l 6x. 

Jo 

We distinguish here two cases. 

Case p = 0. It is elementary to prove, using integration by parts, that 

It follows that 

s <°> - - 

Case p > 1. We have, based on the Binomial Theorem, that 

S(p) = (~l) k C \n k x{\-x) p - l Ax 
Jo 



k\£(k+ 1). 
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-"I'-'K'tOotW- 


Remark. We mention that the case when k = p = 2 is Problem 3.99 on page 27 in 
[14] and if p = 0, one obtains the elegant form of the Riemann zeta function value 
£(&+ 1) as a multiple iterated series [98, Entry 25.6.5, p. 605], 


3.112. We have 

JL (" + ■ m ) ! ~~ % („ + ?=t (» + ■ ») ! 


=x 

k=2 


k- 1 

“IT : 


: ,? 2 V(^- 1 )! *1 


An alternative solution, which is based on a Beta function technique, is outlined 
in the solutions of the next problems. 

3.113. The series equals 5e/6. We use a Beta function technique by noting that, for 
integers n,m> 1 , one has 


fsO-x, 

Jo 


*-U nl(m-l)! 

dr = -7 — . 

(n+m)! 


Thus, 


Ji^i (" + »)! ^ (1 X)m ** 

-£ 

= f e x (x 1 +x)e 1 - x dx 

Jo 


(f ' 

iff 

Lt'i («-!)!> 

1 L= 1 (m-1)! J 


dr 


5e 


3.114. We have 


SJfi (» + «)! («-!)! '(»- 




^-j^ii-xr'dx 




x? n 




dr 
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3.115. We have 


= f l (2— x)e l ~ x 
Jo 

= e [ (2 — x)xdx 


■ xe x dx 


2e 

T' 


a n b m 


(n + m)\ ^t'l («-1) 


II 


fl 


/ x«(i-*r 
J 0 


(0(1-*))" 


(to)" 


■/o y,^| («—i)! 

--a / ' e a( '- x >(e hx -l)dx 

Jo 


a ^b-f ' + 1 — e ° if a^b, 

(a — l)e a + 1 if a = b. 


l dx 


dx 


The second series can be calculated either directly or by differentiating the first 
series with respect to a and b. 

Remark. Similarly, one can prove that if x is a real number, then 


II 


n-m 
(; n + m)\ 


x n+m =x 2 e x 


6 + 2 


(3.28) 


3.116. Differentiate the first series from Problem 3.115. 

3.117. The series equals 5e/24. We have, based on (3.28), that 


I 

n,m,p= 1 


nm 

(n + m + p)\ 


I 


nm 

(i n + m)l(p - 1)! 


(n + m)\(p- 1)! 
(n + m + p ) ! 


- j(n + m)!0»-l)! 


Wo' 


^ +m {\-x) p - x dx 


nmx n+m 


( n + m v- 


Y 


dx 



e 1_t dx 
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5e 
24 ‘ 


3.118. We have, based on (3.28), that 


nmp 


I 


nmp 


(n + m)\(p- 1)! 
~^=\ (n + m + p)\ „^ =l (n + m)\{p-l)\ (; n + m + p)\ 


= s 


nmp 


„,~=i iP + m)\{p-\)\ 


— f x n+m () -x) p ^dx 

- 1 J ' Jo 



dx 


3le 
'' 120' 


3.119. We have 


£ 

»1. -M =1 


1 

(«i+n 2 H \-n k )\ 


= £ 


lk= j{n x +n 2 + ---+n k )\ 


= £ 



i 

j 


(*-l V-PJU-k)'.' 


To calculate this sum we let 


S(x) = 


I 

j=k 


xJ 

j(j-k)'. 


( 3 . 29 ) 


Taking derivatives we get that 
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and it follows that S(x) = Jo t k 1 e‘dt + C. Since 5(0) = 0 we get that 


S(x)= [ X t k -'e’dt. 

Jo 


(3.30) 


It follows from (3.29) and (3.30) that 



(3.31) 


'o 


Let Ik - 1 = fd t k ~ 1 e t dt. A calculation shows that 4-1 = e— (k — 1)4-2- This 
implies thatxt-i = (—l) k ~ 1 e/(k— \)\+Xk~i, where x\, = (— 1)*4/&!. Thus, ;t*_i = 
£t}(— 1)4/ jl +X(). On the other hand, since Xo = e- 1 , we get that 

4-1 = (-1 ) k ~\k- 1)! (e X ^ ■ (332) 

Combining (3.31) and (3.32), we get that the result follows and the problem is 
solved. 

3 . 120 . We have, due to symmetry reasons, that for i. j 1 , . . . , k, 



Hence, 



On the other hand, 





e 


(k— 1)! 


3 . 121 . See the solution of Problem 3 . 122 . 

3 . 122 . and 3 . 124 . These problems are special cases of the following two lemmas. 
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Lemma 3.2. Let k> 1 be a natural number and let (t(n)«eN be <* sequence of real 
numbers such that X«=i a„n k ~ l converges absolutely. Then, 

X a„ l +n 2 +-+n i = ' X S(L 0 ( X a PP l ~ l 

«l «r-l ^ \/' A 

where s(k, i) are the Stirling numbers of the first kind. 

Proof. We have 


X a ni+n 2 +-+n k — X I X a »i+-+B* 

p=k \ni+n 2 + ~+n k =p 


v X 1 

\m+n2+-+n*=P 


= x% 

p=k 


p - 1 
1 


—jTj X ~ (p(p~ i){p-2)---(p — k+ l)) 


1 X-(X*(My 


Vm 

i 






since s(k, 0) = 0 for k £ N, and the lemma is proved. 

Lemma 3.3. Let 1 <i<k be fixed natural numbers and let {a n ) ne ^ be a sequence 
of positive numbers such that , a„n k converges. Then, 


X »< • a ni +n 2 + -+n k = A X s ( k ’ 0 ( X ) ’ 

ni,...,n*=l K ' i= 1 \p=i- / 


where s(k, i) are the Stirling numbers of the first kind. 
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Proof. We have, based on symmetry reasons, that for i.J = k, one has that 


y. n i ' a ni+ri2^ 1 -n k — ^ n j ' a ni+ti2-{ hn* 

n u ...,n k =l n 1 ,...,n k =l 


and hence 

X n > ' a n l +n 2 +-+n k = T ^ («1 + «2 4 f«*)- 0n 1 +n 2 +-+n* j 

ni,...,n / c = 1 

and the result follows from the previous lemma applied to the sequence ( na n ) n 
3.123. (a) We have, based on the integral equality 


1 1 

a m T(m) 


r e~ at t m - l dt 

Jo 


and the power series 


— ! -rr=f -i<x<i, x>o, 

(i-*) A “g «!r(A) 


that 


n x n 2 ---n k 


i(m +"2 + ••• + «*)' 


1 r ( m ) 


F(m) 


r*- -ClH" 


1 






df 


" r(m) 

= _L_ r t m-i e -k, I ig 

r(m) ./o ft'— 


r(m) Jo “g r( 2 Jfc) n! 

= 1 y r ( n + 2A: ) r t m-\ -(k+n)l A 

T(in)T(2k) ~q n\ Jo 

1 “ T(n + 2k ) 


246 


3 A Bouquet of Series 


(b) When k = 2 and m > 4, one has that 
nin 2 


X I 


= F7ZT X „ r I” ^ (C( w ~ 3 ) ~ C (« ~ 1)) • 


4 = 1 4 =i («t + ni) m r ( 4 ) „= 0 n! ( n + 2) m 6 

3.125. We have 


XX 

n= 1 m = 1 


C(n + m)-l 


= X X 

jfc=2 \n+m=* 


CW-1 


= £ (t -,)«azi 

fc =2 K 

= £«(*)- 

*=2 *=2 K 

= 7, 

since (see [122, Formula 3, p. 142] and [122, Formula 135, p. 173]) 

£(C«-1) = 1 and £Mzi = i_ r . 

*=2 *=2 K 

3.126. The series equals y/2. We have, based on symmetry reasons, that 
o y y m(£(n + m)- 1) = y y n(£{n + m)-l) 

hh («+ m ) 2 hh ' 

It follows, based on Problem 3.125, that 


s=(p+s)=i££ ife± ^=(- 


3.127. The series equals 3/8 — ln2/2. Let S be the value of the series. We have, 
based on symmetry reasons, that 

„ y y m(£(2n + 2m) — 1) _ “ “ w(£(2n + 2m) - 1) 

~i m = i (n + m ) 2 “i“i (n + m ) 2 

Thus, 

5=^(5 + S) 

_ 1 ^ ^ £ (2m + 2m) - 1 

2 „=i m =i 


n + m 
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= ji( I ;J ^) 

k = 2 \n+m=k ) 

L k= 2 K 

_ 3 In 2 

“ 8 _ ^T’ 

since (see [122, Formula 193, p. 178] and [122, Formula 152, p. 174]) 

£«(2t)-l) = | and £^fi^=ln2. 
fel 4 fc=l K 

3.128. We have 


s k = E 


i 


i 


ni , .. X=i ni +•**+«* A p ni+ "'^ 

i i 


= E I 


p= 2 Vm,.^=i P ni+ '" +nt «i + ' ' ' + n k 

= £( £ 

p=2 


P =2 0 \«1 = 1 / \»/: I / 

<*> *| Jc-l 

0 


p=2-'U (l-*)‘ 

jii/E 
i+y 




dy- 


Let 


t = / 
7o 


i=r v' 


i+y 


dy. 


For calculating I k we distinguish between the cases when k is an even or an odd 
integer. 
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When k = 2 one has that 

/2= ^_ ln ^. 

P ~ 1 P ~ 1 

Let k = 2l with l> 2 be an integer. Since 


(3.33) 


f~\ 


=y 


i 

"l+v’ 


we obtain that 
hi = 


(2/-l)(p-l)«-l (2/ — 2)(/? 1) 2/ 2 

P-1 P-1 

On the other hand, if k = 21 + 1 with l > 1, we have that 

2/-1 2/ — 2 , ,2/— 3 


2(p — l) 2 


(3.34) 


l+y l+y 


and hence 


I2/+1 = 


2i(p-iy-‘ (2i—i)(p— 1) 2/ - 


r+ln- 


2(p-l) 2 p-1 p-1* 

(3.35) 


It follows, based on (3.33)-(3.35), that 


*=X 


P= 2 


-ln- 


t 2 \P~ l P~ X 


= r> 


and 


„ C(2Z-1) C(2/-2) , C(2),„ 

52; = ^1 2/^ + 2" + * 


C(2Z) C (2Z — 1) C(3),C(2) v 

— 27^r + r + ^ _r - 


3.129. and 3.130. Exactly as in the solution of Problem 3.128, we obtain that 

v*- 1 




yr 


1~ 1 


-dv. 


(3.36) 
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Let 


A calculation shows that 


t= [” 

Jo 


y-i 


-dy. 


y 2= _L+i,_^ 

P+1 P+1 


(3.37) 


and 

11 11 1 1 ,JK 

k k — 1 (p+l) k ~ l+ k-2 (p+l) k ~ 2 + + 2{p + l) 2 + p:4*l + p+ 1 

(3.38) 

Combining (3.36)-(3.38), we obtain that the desired results follow and the problems 
are solved. 


3.131. We have 


E (C(«t +---+n k )-l)= E ( E ' 

= £f£i 

p=2 \«i = l P 


E — 

p nk 


On the other hand, 


= CM- 


«1 >•-,«*=! 


= y (_i)»t+-+ n t y 

«li— >«*=! p=2 “ 




f HI! 

P" k 


= E 




= H)Mcw-i-^]. 
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3.132. (a) We have, based on Problem 3.8, that 


5>-C(2)-C(3) £(»))= XX 


SSKH 1) B 


1 


= y 1 

s **(*+!) 


= C(2)-1. 

(b) Let Tk be the value of the multiple series. We have 

^ = n,% k = 1 Cl P(P+l)" 1+ " 2+ - + "* 

” 1 


(± ' V 

Jf ■ ^ 

\nh (P+^J 



- y — 

= C(*+i). 

3.133. We have, based on Problem 3.8, that 


1 


“ p(p + \)ni+ni+-+nk 
k-j 


( y ,n ^ 

7y 1 V 

Lt^+iW 
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Remark. When j = 0 we have 

X (ni+ri2-\ — C(2) — £(3) C(«i + n 2-\ Hn*)) = C(&+ !)• 

ni,...,n*=l 

When j 1 we have that 

X "1 ("1 +" 2 H f «*- C(2) - C(3) C(»i +« 2 H Vn k )) 

ni 

equals 

C(^ + 2) + C(^+ I); 

and when j = k one has that 

X n v --n k (ni +n 2 -\ Vn k - £(2) - £(3) £(«i +n 2 H l-n*)) 

«i »k i 

equals 




Appendix A 

Elements of Classical Analysis 


A.l Exotic Constants 


He who understands Archimedes and Apollonius will admire 
less the achievements of the foremost men of later times. 

Gottfried Wilhelm Leibniz (1646-1716) 


The Euler-Mascheroni constant, 7 , is the special constant defined by 

7 = lim ( 1 + i -f f - — Inn 

V 2 n 

In other words 7 measures the amount by which the partial sum of the harmonic 
series differs from the logarithmic term In n. The connection between 1 + 1/2 + 

1/3 H 1-1 /n and In n was first established in 1735 by Euler [41], who used the 

notation C for it and stated that was worthy of serious consideration. It is worth 
mentioning that it was the Italian geometer Lorenzo Mascheroni (1750-1800) who 
actually introduced the symbol 7 for the constant (although there is controversy 
about this claim) and also computed, though with error, the first 32 digits [36]. 
Unsurprisingly, establishing the existence of 7 has attracted many proofs [65, pp. 
69-73], [133, p. 235] to mention a few. However, a short and elegant proof is 

based on showing that the sequence (1 + 1/2 +1/3-1 \-\ /n — lnn)„>i is strictly 

decreasing and bounded below by 0 . 

The Euler-Mascheroni constant, 7 , considered to be the third important mathe- 
matical constant next to n and e, has appeared in a variety of mathematical formulae 
involving series, products, and integrals [43, pp. 28-32], [65, p. 109], [122, pp. 4-6], 
[123, pp. 13-22], For an interesting survey paper on 7 , as well as other reference 
material, the reader is referred to [34], We mention that it is still an open problem 
to determine whether 7 is a rational or an irrational number. 


^ = 0.57721 56649 01532 86060 .... 


O. Furdui, Limits, Series, and Fractional Part Integrals: Problems in Mathematical 
Analysis , Problem Books in Mathematics, DOI 10.1007/978-1-4614-6762-5, 

© Springer Science+Business Media New York 2013 
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The nth harmonic number, H n , is defined for n > 1 by 

1 1 

Hn — l + -i 1 . 

2 n 

In other texts, it is also defined as the partial sum of the harmonic series 



The nth harmonic number verifies the recurrence formula H n = H n -\ + 1/n for 
n> 2 with H\ = 1 which can be used to establish the generating function 


ln(l —x) 
l-x 


= I H n S, 

n = 1 


-1 <*< 1 . 


Significantly, one of the most important properties on the nth harmonic number 
refers to its divergence. The first proof of the divergence of the harmonic series 
is attributed, surprisingly, to Nicholas Oresme (1323-1382), one of the greatest 
philosophers of the Middle Ages, and similar proofs were discovered in later 
centuries by the Bernoulli brothers. Even Euler proved this result by evaluating an 
improper integral in two different ways [65, p. 23]. Another curious property is 
that H„ is nonintegral. This means that even though H n increases without bound, it 
avoids all integers, apart from n = 1 . The nth harmonic number has been involved in 
a variety of mathematical results: from summation formulae involving the binomial 
coefficients to a nice formula that expresses the nth harmonic number in terms of 
the unsigned Stirling numbers of the first kind [13]. A detailed history on the nth 
harmonic number as well as its connection to y can be found in Havil’s book [65], 
The Glaisher-Kinkelin constant, A, is defined by the limit 


A = Bmn^WV/ 4 ^ 


1 .28242 7 1 29 1 00622 63687 ... . 


Equivalently, 


In A = lim 

n->°° 


£*ln*_ + + h nn+- 


Another remarkable formula, involving factorials, in which A appears is the 
following: 


lim 

n->°° 


1 ! * 2! - - - (n — l) ! 

3 77 nr r~7> r 

e _ 4« (27r)z n n2 n ~n 


i 

eiz 

X' 


These formulae are due to Kinkelin [72], Jeffery [71], and Glaisher [59-61], 


A. 1 Exotic Constants 


255 


The constant A, which plays the same role as s/2n plays in Stirling’s formula, 
has the following closed-form expression [43, p. 135]: 


A = exp (^-C , (- 1) ) 


= exp 


( C'(2) , ln(27r) + y\ 

V 2^2 + 12 )' 


where denotes the derivative of the Riemann zeta function and y is the Euler- 
Mascheroni constant. 

Many beautiful formulae including A exist in the literature, from infinite products 
and definite integrals [43, pp. 135-136] to the evaluation of infinite series involving 
Riemann zeta function [122], Other formulae involving infinite series and products, 
believed to be new in the literature, in which A appears, are recorded as problems in 
this book. 

The Stieltjes constants, y„, are the special constants defined by 


Yn = lim 
m ->° o 



(lnm) n+1 \ 

n+ 1 J ’ 


and, in particular, yo = y, the Euler-Mascheroni constant. 

They occur in the Laurent expansion of the Riemann zeta function in a 
neighborhood of its simple pole at z = 1 (see [98, Entry 25.2.4, p. 602]): 

CO) = + X - 1 )", 910) >0. 


Interesting properties related to the sign of the Stieltjes constants as well as an 
open problem involving their magnitudes are recorded in [43, pp. 166-167]. 

The logarithmic constants, 8„, are defined by 

8 n = lim ( Yin"*- [ ln"xdx— ^ln"m ] = (—l) n (^ n \0) + n\). 

V=' Jl 2 J 

In particular = 1/2, 5i = l/21n(27r) — 1 . 

Sitaramachandrarao [118] proved that they appear in the Laurent expansion of 
the Riemann zeta function at the origin rather than at unity 


CO 


) = ~T + X 

Z 1 


(- 1 )" 


8J 1 . 


We called these constants logarithmic for simplicity and because of the logarith- 
mic terms involved in their definition. 

The constants, which are also discussed in [43, p. 168], have been used in 
Problem 3.98 in order to evaluate a double logarithmic series. 
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A.2 Special Functions 


Euler’s integral appears everywhere and is inextricably bound 
to a host of special functions. Its frequency and simplicity make 
it fundamental. 


Philip J. Davis 


Euler’s Gamma function, which extends factorials to the set of complex numbers, is 
a function of a complex variable defined by 



When 9t(z) <0, the Gamma function is defined by analytic continuation. It is a 
meromorphic function with no zeros and with simple poles of residue (— 1 )"/n! at 


Historically, the Gamma function was first defined by Euler, 1 as the limit of a 
product 



from which the infinite integral Jfx z 1 e X dx can be derived. 
Weierstrass defined the Gamma function as an infinite product 2 



The interesting and exotic Gamma function has attracted the interest of famous 
mathematicians such us Stirling, Euler, Weierstrass, Legendre, and Schlomilch. 
Even Gauss worked on it: his paper on Gamma function was a part of a larger work 
on hypergeometric series published in 1813. There are lots of interesting properties 
that are satisfied by the Gamma function; for example, it satisfies the difference 
equation T(z+ 1 ) = z - r(z) and Euler’s reflection formula 


'Euler did not introduce a notation for the Gamma function. The notation T was introduced by 
Legendre, in 1814, while Gauss used II. 

2 Weierstrass defined the Gamma function by this product in 1856. In fact, it was the German 
mathematician Schlomilch who discovered the formula T(m) = e /m j m f[f = t ( 1 +m/k) 
even earlier, in 1843 (see [110, p. 457]). 
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r(z)-r(i- z ) = z 7^ o,±i,±2, . . . 

sin tzz 

to mention a few. 

The Gamma function is one of the basic special functions that plays a significant 
part in the development of the theory of infinite products and the calculation of 
certain infinite series and integrals. More information, as well as historical accounts 
on the Gamma function can be found in [110, pp. 444-475] and [133, pp. 235-264]. 
The Beta function is defined by 

B {a,b)= [ l x?- l (l-x) b - l dx, 91(a) > 0, 31(b) >0. 

Jo 

In his work on Gamma function, Euler discovered the important theorem that 
B(a,b) -T(a-\-b) = T(a) • r(fc), which connects the Beta with the Gamma function. 

Other integral representations of the Beta function as well as related properties 
and formulae can be found in [1 10] and [123], 

The Riemann zeta function is defined by 

C(z) = £4 = l + 4 + - + -7 + -’ *(*)>!• 

~i n z 2 Z n z 

Elsewhere £ (z) is defined by analytic continuation. It is a meromorphic function 
whose only singularity in C is a simple pole as z = 1, with residue 1. 

Although the function was known to Euler, its most remarkable properties 
were not discovered before Riemann 3 who discussed it in his memoir on prime 
numbers. The Riemann zeta function is perhaps the most important special function 
in mathematics that arises in lots of formulae involving integrals and series ([98, 
pp. 602-606], [122]) and is intimately related to deep results surrounding the Prime 
Number Theorem [39]. While many of the properties of this function have been 
investigated, there remain important fundamental conjectures, most notably being 
the Riemann hypothesis which states that all nontrivial zeros of £ he on the vertical 
line 91(z) = 1/2. 

The Psi ( or Digamma ) function, also known as the logarithmic derivative of the 
Gamma function, is defined by 

V(z)= Y M; *(z)>0. 

1 (Z) 

Additional properties as well as special values of the digamma function can be 
found in [122, pp. 13-22], 


'Berliner Monatsberichte, 671-680 (1859); Ges. Werke, 136-144 (1876). 
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The Polylogarithm function Li „(z) is defined, for |zj < 1 and n f 1,2, by 

•* r cin-iW , 




-At. 


When n = 1, we define Li | (z) = — ln( 1 — z) and when n = 2, we have that Li 2 (z), 
also known as the Dilogarithm function, is defined by 

ln(l — f) , 


±*1 n Jo t 


Clearly Li„(l) = £ (n) for n > 2. Two special values of the Dilogarithm function 
are Li 2 (l) = £(2) and Li 2 (l/2) = 7T 2 / 1 2 — In 2 2/2. The last equality follows as a 
consequence of Landen’s formula (see [123, Formula 10, p. 177]): 


Li 2 (z) +Li 2 (l — z) = — -lnzln(l -z). 
6 


A.3 Lemmas and Theorems 


Men pass away, but their deeds abide. 
Augustin-Louis Cauchy (1789-1857) 


Lemma A.l (Abel’s Summation Formula). Let (a n ) n > i and (b n ) n >\ be two 
sequences of real numbers and let A n = Y!l= i a k- Then, 


X a kbk = A„b n+l + X A k ( b k - bk+i) ■ (A. 1) 

jc=l A=1 

The proof of this lemma, which is elementary, is given in [15, Theorem 2.20, p. 55]. 
When needed, we will be using the following version of the lemma 

X akbk = lim {A n b n + 1) + X A k ( b k ~ b k + 1) • (A.2) 

k= l n ~^°° k= l 


Lemma A.2 (The Wallis Product Formula). The following limit holds 
2 4 2 n 1 /w 

«™T'3"'2^T'7^TT~ V2‘ 
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Theorem A.l (Stirling’s Approximation Formula). Stirling’s formula, for esti- 
mating large factorials, states that 


or, more generally, that 


r(x+i)~V2m(-Y (*- 


One of the most well-known improvements is 

, . f - — / 1 1 139 

n\ = n e V2 nn 1 


571 


V 12n 288n 2 5 1 840n 3 2488320n 4 


For proofs and other details on Stirling’s formula the reader is referred to [22,33], 
[65, p. 87], [68,91,95]. 

We will be using throughout this book the following version of Stirling’s formula: 

Inn! = ^ln(27r) + '—j — -Inn — n + O f-V (A.3) 


Theorem A.2 (Cauchy-d’Alembert Criteria). Let (x n ) ne m be a sequence of pos- 
itive real numbers such that the limit lim„_> < *,x, t + ] /x n = Z exists. Then, the limit 
f/Xn also exists and is equal to l. 

Theorem A.3 (Dirichlet’s Theorem). Let £ : (1,°°) -A R, denote the Riemann 
zeta function defined by £ (x) = X«=i 1 /« A - Then 


x£(l+x)-l 

lim = y. 

*->0 x 


See [62, Entry 9.536, p. 1028] and [133, Corollary, p. 271]. 

Theorem A.4 (Bernoulli’s Integral Inequality). Let f : [a, b\ — > (0, °°) be an 

integrable function. Then 

QfVtod*)" <{b-a) a ~ l £/ a (x)dx if a €(- 00 , 0 ) 11 ( 1 , 00 ), 
(^J b f(x)6xj >(b-a) a - 1 J b f a {x ) dx if a €(0,1). 
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This theorem can be proved by using Jensen’s inequality 4 [21, Theorem 1, 
p. 370], [112, p. 62] for convex functions. It states that if / : [a,b\ — > [a, J3] is an 
integrable function and (p : [a, j3] — >• R is a convex continuous function, then 



Now the result follows by taking tp(x) = x a . 

Theorem A.5 (Lagrange’s Mean Value Theorem). Let f : [a, b\-¥ K be a func- 
tion continuous on [a, b \ and differentiable on (a, b). Then there exists c G (a.b) such 
that 


f{b)-f{a) = {b-a)f{c). 


For a proof of this theorem, which is also known as Lagrange ’s finite-increment 
theorem, see [136, Theorem 1, p. 216]. 

Geometrically, this theorem states that there exists a suitable point (c,/(c)) on 
the graph of / such that the tangent to the curve y = f(x') is parallel to the straight 
line through the points (a, /(a)) and ( b,f(b )). 

Theorem A.6 (First Mean Value Theorem for the Integral). Let f be continu- 
ous on [a,b\ and let g be a nonnegative integrable function on [a, b\. Then there is 
c G [a,b\ such that 



A proof of this theorem is given in [136, Theorem 5, p. 352], To avoid confusion, 
we mention that the first mean value theorem for the integral is often considered to 
be the result which states that if / is a continuous function on [a, b ] , then there exists 
eg [a,b\ such that 



However, we followed Zorich [136] and reserved the name for this somewhat more 
general theorem. 


4 Johan Jensen (1859-1925) was a largely self-taught Danish mathematician. Jensen made signif- 
icant contributions to the theory of complex analytic functions; however, he is best known for 
the discovery of a famous inequality involving convex functions. Motivated by an idea of Cauchy 
that was used to prove the AM-GM inequality, Jensen noticed that Cauchy’s method could be 
generalized to convex functions [110, p. 85], He proved that if </) is a convex function on [a.b], then 
for any n numbers Xi,X 2 , ■ ■ ■ ,x„ in [a, b\. 




<H-*l) + <H-*2) + ••• + <?> (*„) 


n 


an inequality which is known as Jensen ’s inequality. 
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Theorem A.7 (The Riemann-Lebesgue Lemma). If f : [a,b\ — > R is an inte- 
grate function, then 

lim J f{x) sin nxdx = lim J f(x) cos nxdx = 0. 

This classical result, due to Riemann, is recorded in many books that cover the 
standard topics on integration theory. A proof of this lemma, in a slightly modified 
form, can be found in [112, Sect. 5.14, p. 103]. It also appears as a problem in 
various other texts (see [104, Problem 105, p. 60], [111, Problem 16, p. 94], [124, 
Problem 22, p. 94]). Various generalizations of the Riemann-Lebesgue lemma are 
discussed in [108, pp. 400, 401], and a nice historical comment on this result and 
how Riemann derived his lemma is given in [110, Sect. 22.5, p. 436]. 

Theorem A.8 (Monotone Convergence Theorem). Let (f t )ne n be an increasing 
sequence of nonnegative measurable functions, and let f = lim n -^,f n a.e. Then 

//= iim //,. 

For a proof see [111, Theorem 10, p. 87], 

Theorem A.9 (Bounded Convergence Theorem). Let (/„) be a sequence of 
measurable functions defined on a set E of finite measure, and suppose that there is 
a real number M such that |/„(x)| < M for all n and all x. If\im n -^^f n {x) = f(x) 
for each x in E, then 

lim //"=//■ 

See [111, Proposition 6, p. 84]. The interested reader is also referred to a recent 
paper by Nadish de Silva [117] which gives an original method, which does not 
involve the measure theory techniques, for proving the celebrated Arzela’s Bounded 
Convergence Theorem. 

Theorem A.10 (Fatou’s Lemma). If ( f n ) is a sequence of nonnegative measur- 
able functions and f„ (x) — > f(x) almost everywhere on a set E, then 

J E f<hmJ E fn- 


See [111, Theorem 9, p. 86], 

Theorem A.ll (Lebesgue Convergence Theorem). Let g be an integrate func- 
tion over E and let (/„ ) be a sequence of measurable functions such that \f n \ < g on 
E and for almost all x in E we have f(x') = lim„_^ M f n (x). Then 


See [111, Theorem 16, p. 91]. 


Appendix B 

Stolz-Cesaro Lemma 


The most practical solution is a good theory. 

Albert Einstein (1879-1955) 


One of the most powerful tools of analysis for evaluating limits of sequences 
is Stolz-Cesaro lemma, the discrete version of l’Hopital’s rule. This lemma is 
attributed to the mathematicians Otto Stolz (1842-1905) and Ernesto Cesaro (1859— 
1906), and it proves to be an efficient method for calculating limits of indeterminate 
form of types °°/°° and 0/0. In one of its simplest form, this lemma refers to 
the existence of the limits lim n ^a n /b n and lim n _ >ot ,(a n+ i —a n )/{b n+ \ — b n ) where 
( fl n)neN and (b n )ne\H are sequences of real numbers that verify certain conditions. 

The lemma was first published in [126] and, since then, has been recorded in 
various texts that have topics on sequences and infinite series. It appears, as problem 
70 on page 11, in the famous problem book of Polya and Szego [104] and as problem 
6 on page 56 in [57], The lemma has lots of applications in analysis, where it 
is used for calculating limits involving the Cesaro mean and is connected to the 
study of the speed of convergence and the order of growth to infinity of sequences 
of real numbers. Another recent beautiful application of this lemma is related to 
the calculation of the coefficients of the polynomial determined by the sum of the 
integer powers S k (n) = X"=i i k (see [81]). New forms of this lemma and examples 
are discussed in [92], and a stronger version of Stolz-Cesaro lemma and some of its 
most important applications are given in [94], 

Theorem B.l (Stolz-Cesaro Lemma, the °°/°° case). Let (a n ) ne ^ and {b n ) ne ^ 
be two sequences of real numbers such that 

(a) 0 < b\ < &2 < • • • < b n < ■ ■ ■ and lim,^ b n = 

(b) lim„^ a f +1 ~ a h " = l G I. 

D n + 1 D n 

Then lim n ^^a n /b„ exists, and moreover, \\m n ^^a n /b n = l. 


O. Furdui, Limits, Series, and Fractional Part Integrals: Problems in Mathematical 
Analysis, Problem Books in Mathematics, DOI 10.1007/978-1-4614-6762-5, 

© Springer Science+Business Media New York 2013 
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Proof. First we consider the case when l is finite. Let e > 0 and let N be a natural 
number such that for all n> N one has 


I a,i+i ~ Un i L i 

| b n+l -b n | 2 


(B.l) 


This implies, since b n + 1 — b n > 0, that (/ — e/2')(b n+ \ — b n ) < a n+ \ —a n <(l + 
e/2){b n+ \ — b n ) for all n > N. Now we apply these inequalities to each of the 
parenthesis in the numerator of the right-hand side fraction 


an-ClN+l = {an - On- 1) + (fin- 1 - gn-g) j F («iV+2 ~ fW+l) 

b n — b N+ i b n — b N+ \ 


and we get that for all n > N + 1 one has 


I Cln ~ ° N+i i L £ 

| b n -b N+ 1 | 2 


On the other hand, a calculation shows that 

^ _ QjV+1 — /friV+1 A _ ^V+A / Un ~ QJV+1 _ A 

b n b n \ b n J \b„-b N+ 1 / 

and it follows that 


a " ! \ <\ ° N+1 ~ ^ N+l 
V n P| bn 


a„ — a N+ \ 
b n - b N+ i 


Since b„ 


there is a natural number N 1 such that 


o-n+i ~ lb N+ i £ „ „ . 

— J — — <- for all n>N. 


Let N" = max {N + 1 ./V'}. We have, based on (B.1)-(B.3), that 


— — / < £ for all n> N " , 
I b n 

and this implies that a n /b n = l. 

Now we consider the case when / = Since 


lim 


«n+ 1 - «n 


n ~+°° b n+ i - b„ 


(B.2) 


(B.3) 


we get that there is a natural number N such that a n+ \ —a„> b n+ \ — b n for all n>N. 
This implies that the sequence (a«)«>/v+i increases and lim n ^°°a n = Now we 
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apply the previous case to the sequence b n /a n and we get, since the limit of the 
quotient of the difference of two consecutive terms is finite, that 


,. K b n+1 -b n 

lim — = lim = 0. 

n—>°° d n n—>°° a n _ |_i — d n 


This implies that lim n _>,*, a n /b n = °° and the lemma is proved. 

The reciprocal of Theorem B.l does not hold. To see this, we let a n = 3n— (— 1) M 
and b n = 3n + (— 1 )". Then, a calculation shows that \\m n ^^a n /b n = 1 and 


a n + 1 ~ a n _ 3 + 2(— 1)” 
bn+i-bn " 3 + 2(— 1)" +1 ! 


which implies that Wm n ^ faa (a n+ \ — a n )/{b n+ \ — b n ) does not exist. 

Theorem B.2 (Stolz-Cesaro Lemma, the 0/0 case). Let (a n ) ne n and (b n ) ne ^ be 
two sequences of real numbers such that 

(a) lim a„ = lim = 0. 

(b) (b n ) is strictly decreasing. 

(c) lim_^=fel. 

Then lim H ^ M a n /b n exists, and moreover, lim „^^a n /b n = l. 

Proof First, we consider the case when / is finite. For £ > 0, there is a natural 
number n e such that 


I a »+l ~ a n £ L £ 
| b n+ 1 -b„ I 2 


for all n> n e . 


This implies, since b n — b n+ 1 > 0, that (/ — e/2 )(b n — b n+ 1 ) < a n — a n+ 1 < 
(l + e/2 )(b n — b n+ 1 ) for all n > n e . Let p be a positive integer and we apply the 
preceding inequalities to each of the parenthesis in the numerator of the right-hand 
side fraction: 


a n — a n + P _ {a n — a„+ 1) + {a n + 1 ~ «n+2) H 1 - i a n+p-\ — Qn+p) 

b„-b n+p b n — b n+p 


and we get that for n> n e , we have 


£ a n ~ a,i+ P 
2 b„-b tt+p 


<' + |- 


Letting p tend to infinity, we obtain that \a n /b n — l\ < e/2 < e for all n > n e . 

Now we consider the case when l = °o. Since lim„- > »(a„ + i — a n ) / (b n+ 1 —b n )=°° 
we have that for e > 0 there is a positive integer N e such that, for all n > N e , we have 
(a n+ 1 —a n )/ (b n+ 1 — b n ) > 2e. This in turn implies that a n — a n+ \ > 2e (b„ — b n+ \) 
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for all n> N e . Let m and n be positive integers with n,m > N e and m > n. We 
have a„ — a m = (a k - a k+ \ ) > 2 eJ%I„ (b k - b k+] ) = 2 e(b n - b m ). Dividing 
this inequality by b n > 0 we get that 



Passing to the limit, as m — in the preceding inequality, we get that a n /b n > 
2 e > £ for all n > N e . 

The proof of the case 1 = is left, as an exercise, to the reader. 

The reciprocal of Theorem B.2 does not hold. To see this, we let a n = 1/(3 n — 
(— 1)”) and b n = l/(3n + (— l) n ). Then, a calculation shows that = 1 

and 


an+ 1 -an _ (3n + 3 + (— l)" +1 )(3n + (— 1 )”) -3-2-(-l)" 
b n+l -b n (3n + 3— (— 1)" +1 )(3/7 — (—1)") ' -3 + 2- (— 1)" 


which implies that lim n _ >M (a n+ i — a n )/(b n+ \ — b n ) does not exist. 

However, under certain conditions on the sequence (b„)„ e w we prove that the 
reciprocal of Stolz-Cesaro Lemma is valid. 

Theorem B.3 (Reciprocal of Stolz-Cesaro Lemma). Let ( a n ) ne n and (& n )neN be 
two sequences of real numbers such that 

(a) 0 < b\ < b 2 < ■ ■ ■ < b n < ■ ■ ■ and lim n-+°°b n = «>. 

(b) lim n ^a n /b„ = iel. 

(c) \im n ^b n /b n+} = L e M\ {1} • 

Then the limit 


exists and is equal to l. 
Proof. We have 



a n + 1 _ a n + 1 ~ an 
b n + 1 b n+ 1 - b n 


Passing to the limit, as n in the preceding equality we get that 



and the result follows. 

Theorem B.3 shows that if ]im„_ >0 » b n /b n+ \ exists and is not equal to 1, the 
reciprocal of Stolz-Cesaro Lemma is valid. We stop our line of investigation 
here and invite the reader to study further the additional conditions required such 
that the reciprocal of Stolz-Cesaro Lemma remains valid in the trouble case 
lim n^bn/bn+i = 1. 
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